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A B S T R A C T
The effect of a minor disturbing force on the stability of a 
structure which already is subjected to a major load near 
the critical state has been studied and is reported here.
The approach taken is to develop physical insight to the 
problem by analysing representative models. The analysis is 
further developed on a continuum basis and tests are carried 
out on a small scale structural model.
Two types of disturbing force are considered, that is a 
step pulse or a rectangular pulse. The dynamic response 
of a structure subjected to such a disturbing force is 
obtained by numerical integration using the Runge-Kutta 
method. The analysis neglects the possibilities of changing 
mode shape during the transient response.
The theory developed was compared with a complementary 
experimental approach. The transient response of a thin 
wall column was experimentally studied. Special equipment 
was developed to permit the monitoring of the dynamic effect 
during the experimental programme. The results of critical 
disturbance force predictions are in good agreement with the 
experimental results.
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NOTATIONS
a cons t a n t ,breadth of the column
a^ja^ja^ constants
A, Amn amplitude of local deflection of plate A
AOjf Amno amplitude of imperfection of plate A
b constant, width of the column
b^jb^jb^ constants
be effective width for strength
be effective width for stiffness
be effective width based on the tangential
modulus concept
B central deflection
B ,B ' imperfectiono o
B deflection at critical local buckling stressc
B^ initial deflection prior to disturbing
c viscous damping,equivalent viscous damping,
tortional stiffness 
c^jC^jC^ constants
C capacitance,number of calculation
d viscous damping
D flexural rigidity of plate,dissipation
function,Dynami c magn if ication factor 
e eccentricity
initial eccentricityeo
effective eccentricity 
energy,Y q u n g ’s Modulus
E tangential modulus
IV
f function
F function,force
F. inertia forceL
g gravitation constant
h increment
i constant
I second moment of inertia
j constant
J polar moment of inertia,sampling interval
k constant,stiffness
k equivalent stiffnesseq
K stiffness.,buckling coefficient
A length of column
L number of elements of the filter
length of loading arm
m cons tant,mass
m equivalent masseq
M end momente
n constant
p axial load parameter
P axial load
P ^  critical load of perfect system
P„ Euler buckling load
P„ local buckling load
P^ overall buckling load
p reduce modulus load“ r
P static critical loads
q magnitude of transient load
Aq critical magnitude of transient load
q(t) transient load
Q magnitude of transient load
Qg static lateral load
A . .Qg critical static lateral load
Q(t) transient load
r ratio of buckling wave length to plate width
R resistance
S the distance from the centre line of the
cross section to the neutral axis,stiffness
function
s initial state of so
t th ickness,time
t^ loading duration
T kinetic energy,time
loading duration 
natural period 
U strain energy
end shortening in x-direction 
end shortening in y-direction
V total potential energy
V total potential energy
VI
w o
w deflection
initial deflection 
W work done, magnitude of inertia force, 
deflection 
weight at pin A 
Wg weight at pin B
weight of load collar 
Wg weight
X space cordihate
y space cordinate
y ^ displacement of
displacement of 
y^ displacement of
z generalised deflection parameter
a constant,angle
constant 
3 constant
Y parameter
6 generalised deflection cordinate
A increment,end shortening
Ag end shortening at Euler load
e strain
e strain in x-directionX
strain in y-direction
VII
Ç constant
q constant,stiffness ratio
n g secant stiffness ratio
0 a n g l e ,deflect ion
0 initial deflectiono
X load parameter
X ^  critical load parameter of perfect
system
Xjj dynamic critical load parameter
V
static critical load parameter 
Poisson's ratio 
Ç constant
p mass density
a stress
a average stressave
a Euler stressE
a maximum stressmax
a X stress in x-direction
a stress in y-directiony
(j) angle , additional deflection
Î2 angular velocity
CONTENTS
ABSTRACT
ACKNOWLEDGEMENTS
NOTATIONS
CHAPTER 1: INTRODUCTION
CHAPTER 2
CHAPTER 3
1.1 General Remarks
1.2 History Background
1.3 Stability Concept and Criterion
1.4 Problem Definition and the Aim 
of Present Study
1.5 Description of the Present Study
SYSTEM MODELLING
General Remarks 
Simple Link Model 
Equilibrium State
2.3.1 Perfect Model
2.3.2 Imperfect Model 
Dynamic Stability 
Transient Response 
Summary
BASIC CONCEPTS AND DEFINITIONS
3.1 General Remarks
3.2 Pin-ended struts
3.3 Thin Plate
3.3.1 Stress Distribution
3.3.2 Equilibrium States and 
Critical Point
3.3.3 Stability and Post Buckling 
Path
Page
I
II
III
1
1
4
18
19
21
23
23
23
25
26 
29 
29 
40
53
54 
54 
54 
57 
60 
64
70
743.3.4 Effective Width
3.3.5 Effective Width for Strength 74
3.3.6 Effective Width for 78
' S t if fne s s
3.3.7 Reduced Tangent Modulus 79
Page
3.4 Thin. Wall Column 80
3.4.1 Effects of Combined Plate 82 
and Column Buckling
3.4.2 Governing Equations 86
3.4.3 Numerical Procedure 94
CHAPTER 4: STRUCTURAL MODELLING 9 8
4.1 General Remarks 98
4.2 Stiffness Functions 98
4.3 Equivalent Modulus 102
4.4 Basic Assumption 105
4.5 Equivalent Modulus of Thin Wall 106
Column
CHAPTER 5: DYNAMIC ANALYSIS 115
5.1 General Remarks 115
5.2 Governing Equation 116
5.3 Response to Impulsive Loads 131
5.4 Analysis Procedure 135
5.4.1 Runge-Kutta.Method 136
5.4.2 Numerical Procedure 138
CHAPTER 6: INSTRUMENTS AND TEST RIG 139
6.1 General Remarks 139
6.2 Model Fabrication and Description 139
6.3 Test Rig 152
6.3.1 Axial Loading Mechanism 160
6.3.2 Lateral Loading Mechanism 162
6.4 Timer ' 168
6.5 Displacement Measurement and 173
Transducer
6.5.1 Transient Load Measurement 175 
and the Load Washer
6.5.2 Acceleration Measurement 182 
and the Accelerometer
CHAPTER 7
CHAPTER 8
CHAPTER 9: 
REFERENCES
6.6 Data Acquisition Equipment
6.7 Digital Signal Processing
EXPERIMENT PROCEDURE AND RESULTS
Page
183
185
197
1977.1 The Aim and Basis of 
Experimental Work
7.2 Experimental Set-up 197
7.3 Overall Flexural Rigidity Test 200
7.4 Critical Load and Large 203
Deflection Test
7.5 Determination of System Constants 220
and the Equivalent Viscous
Damping Coefficient 
Transient Response Test7 . 6
EXPERIMENTAL INTERPRETATION AND 
DISCUSSION
8.1 Effective Wall Thickness
8.2 Equilibrium Path
8.3 Static Critical Load
8.4 Dynamic Response
CONCLUSION
228
234
234
234
236
237
273
276
1,
1. INTRODUCTION
1,1 General Remarks
Under economic and technical pressures structural 
engineers are often faced with the need to improve the 
efficiency of their designs. This results in a 
continuing trend toward light and thin -Walled structures. 
Generally the desirability of light and thin structures 
is not so much for the immediate savings in material 
cost, but more for the indirect economies possible 
in fabrication, construction and service life of the 
structure. Normally a useful structure must be designed 
to carry and/or survive particular loads during its 
service life span. When designing a structure, the 
engineer requires information regarding the loading 
condition on the structure. In the simplest case, the 
loading of the structure is completely static. However, 
a practical structure may carry dynamic (time dependent) 
loads or t he> coiîihinatiô^ n of both static and dynamic 
loads.
The possible range of forms that a dynamic load 
might assume are infinite, but certain characteristics 
allow them to be categorized as follows. Vibratory 
loads are oscillatory and may consist of a single force 
or several forces varying perhaps sinusoidally with 
each having a different frequency and amplitude. If 
a vibratory force repeats itself after a given interval 
of time it is known as ’periodic' and each frequency 
component will be an integral multiple of the lowest 
frequency. If no such integral relationship exists, 
then there is no periodicity and the vibratory force 
is termed ’complex'. All of the above forms of loading 
are 'deterministic' since they may be completely defined 
in both the time and frequency domains. H o w e v e r ,several
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common physical loading phenomena cannot be treated 
explicity and such ’non deterministic' loading is 
termed ’r a n d o m ’. A complete collection o r ’en s e m b l e ’ 
of samples from the time history of a random load is 
known as 'stochastic process'. Such process must be 
treated by statistical analysis of the probabilities 
of occurrence of given amplitudes and frequencies.
Shock loading is a general term used to cover many 
types of impulsive load and, as the term implies, a 
degree of suddenness and severity is involved. The 
essential characteristics of a shock load are that it 
is non-periodic and transient in form. Earthquake 
activity is a well known example of shock load arising 
in nature.
For thin and/or slender structures the presence 
of shock loads may initiate instability of the structures. 
Because of this possibility it is necessary for structural 
engineers to ensure the survivability of their structure 
under the shock loads during their service life 
time. However, in practice the amplitude and distribution 
of these shock loads are difficult to estimate precisely* 
Adding to this difficulty the prediction of the events 
during which these shock loads will occur is not very 
r e l i a b l e .
The importance of the response or behaviour of 
thin structures under shock loads becomes more 
significant in the case of imperfection sensitive 
structure. In general the structure is said to be 
imperfection sensitive if small imperfections which may 
be in the form of geometry imperfection,misalignment 
of loads etc.,cause the reduction of the buckling load 
of the structure. Shock loads tend to move the structure 
away from its initial equilibrium state to new equilibrium 
state or states, and if the new equilibrium state is an 
unstable state then the structure will collapse. For 
the imperfection sensitive structure, only the
3 .
equilibrium states in the close proximity of the 
initial equilibrium state are stable and a small blast 
load may be sufficient to move the equilibrium state 
out of this vicinity and hence destabilize the 
structures. Since the response of the structures 
to the blast loads doesnot depend only on the amplitude 
of the blast but also the distribution of blast load 
and on the duration which the loads applied. The 
knowledge of the effects of these parameters on the 
structure behaviour will improve the effectiveness 
of structure an! a knowledge of the effects is vital 
to an assessment of the safety of the structure.
An elastic imperfection sensitive structure 
could also be viewed analogously to an elastic/plastic 
structure as far as the stability nature of the 
structure is concerned. Since most structures will 
undergo plastic deformation if sufficiently large 
deformations are imposed, it is possible that under., blast 
load the deformation of structure may be sufficiently 
large to cause plastic deformation. If this occurs 
the initially elastic imperfection insensitive or 
stable structure may become unstable as in the case 
of elastic imperfection sensitive structure.
A thin walled column is one of the most common 
member used in structure engineering.A structure member such as
a thin walled stiffener when subjected to compressive load 
or loads can be treated individually as a thin wall 
column. It is also a well known fact that the thin 
wall column is one of the class of imperfection sensitive 
structure, especially when its geometry allows the 
coupling between mode shapes to occur. Because of its 
widely spread use, it is necessary for the structure 
engineer to be able to predict its response under shock 
load to ensure the safety aspect of the structure.
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In this particular study the thin-walled structure 
features centrally. However, it is important to 
remember that the approaches developed and reported 
here have application to a wider class of structure 
when the possibility of plastic destabilizing action 
is included.
1.2 History Background
Stability concept originated quite early in the 
history of classical mechanics. In fact it was 
Euler(^^who first introduced this concept of buckling 
in 1744 when he investigated the problem of a perfect 
straight pin ended column subjected to axial load.
He defined, the critical load as the maximum load 
that column could carry in its straight configuration. 
For loads greater than the critical load the column 
would at least start to bend. This new configuration 
is known today as the buckled mode.
In Euler's treatment, the critical load was found by 
formulating the equilibrium equation for a slightly 
deflected column. The same concept was applied later 
to beams, arches,plates * shells etc.,by innumerable 
investigators. This approach to a stability problem 
is known as "the adjacent equilibrium concept."
A century later a general theory of bifurcation( 2 ) .was introduced by Poincare in 1885, in his • study 
of stability of rotating masses of fluid. He observed 
that, when the load on a mechanical system increases, 
the points in a topological configuration space that 
represent ‘ equilibrium states describe certain paths. 
Usually there is only one path, and it has a single 
branch ,if the load is small. However, forks or 
"bifurcation points" may occur in the path at higher 
loads. Poincare assumed that the unbuckled form.
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represented by the stem of the path, becomes unstable 
after a bifurcation point is passed,
Poincare discussed conservative mechanical system 
by using general coordinates ......
The equilibrium configuration are then determined by
dv/dx^ = 0  (1.1)
in which v is the total potential energy of the system.
He showed that when these equations are satisfied,the 
occurrence of a bifurcation point corresponds to vanishing 
of the Hessian determinant i.e.
de t 3x . 3x . 1
= 0 (1 .2)
Alternative to the adjacent equilibrium concept,
(3 )"the energy concept" was propounded by Bryan in 
1889, this concept is based on the postulate that a 
motionless conservative system is in a state of stable 
equilibrium if, and only if, the value of its potential 
energy is a relative minimum. For a system with finite 
degrees of freedom this criterion leads again to - 
Poincare criterion for buckling
d e t a^ v.Sx. ax_ 1 J = 0 (1.3)
Although Bryan stated the energy principles of 
buckling correctly, he did not recognise the fundamental 
importance of the nonlinear terms. This oversight led 
him to the erroneous conclusion that a convex closed 
shell cannot buckle.
However, the mathematically rigorous criterion of 
stability was not formulated until 1892. It was 
Liapunov ' ' who supplied the mathematical rigorous 
definition of stability, which can be stated as
6.
"The equilibrium state is stable if, and only if, 
any velocity which occurs due to the small disturbance 
applied to this state remains small for all finite 
time considered after the disturbance is removed". This 
criterion is usually referred to as the dynamic stabilityIIcriterion in the sense of Liapuno:v. In spite of the 
rigorous nature of L i a p u n o v ’s criterion, in practice 
this criterion is very difficult to apply since all 
finite time necessary to be considered is including 
infinite time. The relaxation of Liapiinov’s criterion 
is often necessary in practice, one example is the 
criterion proposed by Herrmann^^^hich can be stated as 
"A structure is in a stable state if admissible finite 
disturbances of its initial state of static equilibrium 
are followed by displacements whose magnitude remains 
within an allowable bound during the required life 
time of the structure."
Bryan's energy theory was later formalized and 
extended by Trefftz' ' who subdivided the potential 
energy into
V = U - W ■ (1.4)
in which U is the strain energy and W is the work 
performed on the system by conservative external forces.
He restricted his attentions to the case in which the 
external forces were constants, with the addition of the 
nonlinear terms in strain energy and he was able to
2. Ireduce Bryan's stability criterion to S u>0 for stable '
states. He found that when the buckling load is !
2 . . . . .  Ireached, Ô u becomes positive semi-definite; that ;2  ^ !is minimum value of 6 u is zero. Trefftz also !
■'2 . . ' , iset 6 u = T and forumlated the variational equation !
ÔT = 0 which yielded the differential equations in the 
form of Euler equations of the calculus of variations.
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Thus he concluded that the energy concept and the 
adjacent equilibrium concept was identical as far 
as the critical load of the static conservative 
system was concerned.
However, the whole concept of elastic stability 
was put into question, when, in the early 1940's.
Karman and Tsien^^^ showed that there were large 
discrepancies between test and theory for the buckling 
load of certain types of thin’ shell structures. In 
some cases the ratio between the test buckling load 
and the theory critical load was as small as 0.25.
The explanation of these large discrepancies was 
f 8 ^given by Koiter' '. In his general theory of nonlinear 
bifurcation Koiter was able to explain that the presence 
of imperfection in a certain type of structure will 
reduce their buckling load substantially, and this was 
the cause of discrepancies between the test and the 
early theory which neglected the effect of the 
imperfection.
Koiter investigated the equilibrium states in the 
neighborhood of the bifurcation point of the perfect 
structure in which he expressed the relationship between 
load parameter P and the buckling deflection 6 
in the form
P = Pc [;l + aÔ+bÔ^+.;J (1.5)
where Pc is the bifurcation load of the perfect 
system ,6 is a generalised deflection parameter and 
the coefficients a,b,.. determine the initial post 
buckling ,behaviour. By considering only the component 
of the imperfection or the initial deflection in the 
shape of the classical buckling mode which is denoted 
by 6, he derived t,he effect of the imperfection which 
could be given as
8,
r P - 2 r P -11 ®1 - — -
C_ " = a 6
S-; 
-1: (1.6)
where P s is the buckling load of the imperfect system 
and a is a constant which depends on properties 
of the structures, for the quadratic or the asymmetric 
bifurcation system which is specified by a f 0.
For the cubic or the symmetric bifurcation which is 
specified by a = 0 and b f 0, the effect of the imperfection 
was given as
_3/2
1 - c _ = a c'J for b < 0 (1.7)
The experimental validation of Koiter's theory was
obtained in a series* of tests by Roorda (9)
The general nonlinear theory of elastic stability
was further developed in the early 1960b at University
College London by C h i lv er, Thompson and their co 1 leaguel.^^ 
( 3 1 ) .Thompson incorporated Poincare's ideas for a
conservative mechanical system described by a set of
n generalised coordinates. A significant feature in
the development of the general theory was the demonstration(32 )by Thompson and Walker that the perturbation
branching studies could be developed without resort 
to a scheme of d i a g o n al iz ation.
Interest turned next to the approach and phenomena
(33)of branching points, and Chilver showed that in
the presence of nearly coincident critical load, 
post-buckling equilibrium paths can exhibit violent 
contortions which, however, vanish when complete 
coincidence is achieved.
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S u p p l e f o c u s e d  attention on near coincidence
in symmetric system, and showed that secondary
branching from a primary post buckling path can
arise. This phenomenon can explain changes in
the buckling modes of structures. In the study of the
coincidence of local and overall buckling load in the
V 3 6 )thin wall column by Van Der N e u t ' one important
fact was discovered,this being that the coincidence 
of critical loads in thin walled columns could imply 
highly unstable] post-buckling behaviour despite 
the fact that tLe two uncoupled modes of buckling 
are themselves quite stable in the post-buckling range.
In parallel to the development of the energy concept 
of stability in the early 20th century the dynamic concept 
of stability was developed Mas sonnet \  and Lurie^^^^ 
applied the vibration theory to the Euler column problem. 
They found that the fundamental frequency for infinitesimal 
vibrations of a statically loaded straight elastic 
column decreases as the axial load increases, and it 
becomes zero when the Euler buckling load is attained.
This result may be extended to other s t r u c t u r e s 40) 
Accordingly the problem of static buckling of conservative 
systems may be regarded as a special vibration problem.
The criteria of critical load based on this principle 
is the minimum load at which the fundamental natural 
frequency of the system vanishes. Later Ziegler 
demonstrated that dynamical principles are indispensable 
for analysis of certain types of buckling problems 
especially when the load is nonconservative. The well 
known example of the problem of this type is Beck's 
column^^^). This problem was discovered b y EiVger (^3) 
explained by Ziegler^^^''^^, and finally solved 
generally by Beck, A static analysis leads to the 
conclusion that Beck's column which has an end rigidly
10.
fixed whilst the other,is subjected to a compressive 
load of constant magnitude P whose direction is 
always tangential to the deformed column axis, 
does not buckle, whatever be the magnitude of the load. 
However, Beck's solution showed that indeed it would 
buckle at about eight times the Euler load of the column 
which is calculated for a load P that always remains 
v e r t i c a l ,
In his study of double pendulum subjected to 
the followier comprehensive force Ziegler also
discovered a new type of behaviour at post critical 
state. In the case of static conservative systems 
the unstable phenomena is characterised* by the divergence 
of deflection. However, if the load is non-conservative, 
another type of unstable phenomena can occur; that is, 
the oscillation, buckling as the name implied it is 
characterised by the oscillations, at a certain 
frequency depending on the nature of the system,however the 
amplitude of this oscillation diverges as the time,increases.
According to Bolotin^^^^ the problem of stability 
under dynamic loading was first investigated by 
Beliaev^^^^ in 1924 on the problem of pinned end 
column subjected to a periodic axial compressive load.
This type of problem is known as parametric excitation or 
paiametric resonance, this was followed by an analysis 
by Krylov and Bo go Ixtibov ^  ^ in 1935. In their
treatment the problem of dynamic stability was reduced 
to one second -order differential equation with periodic 
coefficients in the form of Mathieu-Hill e q u a t i o n .
Since for a certain relationship between its 
coefficients, the Mathieu-Hill equation has solutions 
which are unbounded; that is, the system is unstable 
in the dynamic sense of Liapunov at these particular 
values of coefficients Krylov and Bogoliubov were 
able to investigate the stability nature of the system 
by determining the instability regions of the 
solutions to the Mathieu-Hill equations.
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The comprehensive study of the dynamic stability 
of elastic systems under parametric excitations' was 
presented by Bolotin^^^^ who investigated various 
types of structure. The effects of non linear1 ities 
and the damping forces were also included in his 
st u d y .
Apart from the dynamic stability of parametric 
excitation, stability under transient loading has 
received attention but in less extended form during 
1930. Two early papers dealing with the danger of 
failure of a column subjected suddenly to a constant 
axial compressive load which is removed after a finite 
time interval of action were published by Koning and 
Taub^^^) and by Taub^^^^, respectively, in 1933.
Their results showed that a suddenly applied load can 
cause collapse even if it is smaller than the Euler load 
At the same time, the column need not be damaged by a 
suddenly applied load greater than the Euler load if the 
load is removed after a sufficiently short time.
In contrast to the case of parametric excitation, 
the solution of the equation of motion which describes 
the response of the system under transient load, even 
in the simplest form, is very difficult to obtain. 
However, the stability nature of the system can be 
examined by means of Liapunov's direct method of the 
"General problem of Stability of Motion" Liapunov's 
direct method employs a special scalar function, which 
is known as the Liapunov function, to ascertain stability 
directly from the differential equations of perturbed 
motions without knowledge of the solution. The 
existence of a Liapunov function represents a 
sufficient condition of stability. In the sense of 
Liapunov, stability implies the existence of a set 
of initial perturbations for which the perturbed
12v
motion is inherent in Liapunov's definition of 
stability.
In a summarized report by K o t o w s k i ^ , most 
of the literature prior to 1958 applied L i a p u n o v ’s 
direct method in the investigations of the stability 
of transient loading of column. For the most part 
investigation in this era choose to neglect the |Ieffect of longitudinal inertia in order to facilitate
the dé te rmination of the Liapunov function. This is
equivalent to assuming the axial stress waves can be
propagated with infinite velocity so that there can be
no variation in axial force along the column. The I
effect of longitudinal inertia and the longitudinal
stress waves with finite velocity were later examined
(52)theoretically by Huffington. Instead of using
Liapunov's direct method Huffington employed direct
numerical integration and solved the equation of
motion directly. He found that the usual simplified
theory which neglects longitudinal inertia adequately
describes the column response provided the duration
of loading is long in comparison with the period
of the fundamental frequency of longitudinal vibration.
This effect of longitudinal stress wave propagation
in coupling with random imperfections was subjected to
(53)detailed investigation by Lindberg. From the 
experimental result performed on the numbers of their 
aluminium strips and pure gum-rubber strips he 
found that both initial imperfection shape and finite 
velocity axial stress waves had a negligible effect 
on the buckling wave form. However, Lindberg did not 
attempt to define the dynamic buckling load.
13 .
Stimulated by the intensive studies of static 
stability of thin shell structures during the 
late 19S0's, stability of the transient response 
of thin shell structures received more attention.
Since the governing differential equation of the 
transient response of a shell structure is much more 
complicated than the simple column, it needs to be 
simplified in some appropriate manner. This was 
usually accomplished by discretizing the system 
using an energy approach, finite elements, finite 
differences on G a l e r k i n ’s procedure. Some discrete 
models, see Humphreys , have displayed static
equilibrium position which the real, continuous 
structure could not possess. As a result, much work 
has been done to develop simplified methods of 
finding the critical loading conditions without 
resorting to a direct solution of the time dependent 
non-linear differential equations.
Budiansky and H u t c h i n s o n ^ ^ ^ ^  have modified 
and extended K o i t e r ’s general theory of static 
stability to handle the dynamic stability. They 
assumed that the dynamic response could be described 
adequately in terms of the deformation pattern that 
occurs when the structure buckles statically and both 
effects of pre-buckling inertia and damping forces 
are negligible.
By re-writing the load parameter P eq. (1.5) in 
the form
X= 1 + p6+ + ____ (1.8)
where X = P/P^, q = a/P^ and g = b/P^
They obtained the static buckling load of the imperfect 
structure in the form
14
and
= 4n
3/2
\— c -
3 kI  (3%):
(1.9)
(1.10)
for the quadratic and cubic system respectively.
Here the subscripts c and s on X define the critical 
and static buckling loads respectively.
After evaluating the first investigations of the 
equation of motion with respect to the buckling mode 
deflections, they obtained simple expressions of the 
dynamic buckling load in the case of step pulse 
in the form
X “ X c s
1 (1.11)
and
/ 2
r ( 1 . 12 )
for the quadratic and cubic system respectively.
Here X^ specifies the dynamic buckling load.
In this form the dynamic buckling load can be obtained 
directly and the explicit dependence on the magnitude 
of the imperfection has been eliminated but is reflected
s/xc-
However, for the transient load which has a more 
complicated history than the step pulse, the simple 
expression cannot be obtained, and numerical integration 
is necessary. For example in this case of a rectangular 
pulse with the pulse duration T,Budiansky and Hutchinson 
obtained the relationship between the duration and the 
dynamic buckling load of the pulse magnitude X^ in the form
15 ,
1
2tt
0
> - Cl- . |n Z3-c c dZ (1.13)
where .here
T = -Natural period of zero loaded structures o
Z = -1
for the quadratics system
They also obtained this relationship in the case 
of cubic system which can be expressed as
Z
where
Z =
_L
2 it •dZ (1.14)
-1
A typical example of this relationship was presented in 
their study, see Fig.( l . l ) ,  which was calculated 
for the case s/X^ = 0.5
The effect of pulse duration on the response
of structure was investigated in more detail by
(57 ) .Anderson and Lindberg in their study of Dynamic
pulse buckling of cylindrical shells under transient 
lateral pressures. Their experiments have demonstrated 
clearly that the response of the shell is depending 
upon the duration of load application. They found 
that for very short duration i.e. impulsive loading 
the shell buckled into a very high order wave pattern
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in which the wave length of the buckling is so
short that the length of the shell is unimportant *
Buckling occurred only when the load was sufficiently
intense to produce membrane plastic flow. The
critical transient load is characterized entirely by the
impulse. For long duration, i.e. quasi-static
loads, buckling occurred in the elastic range and the
response of the shell was very close to the static
response; that is, the buckling occurred in the
range of the lowest-order modes. The inertia forces
have very little effect and can be neglected.
Between these two extremes, that is quasi- 
impulsive loads, the buckling occurred when the 
membrane stress became plastic during the first 
few oscillations in the hoop mode.
The effect of material dissipation was studied
(58)by Mcl.vor and Bernard who employed a Kelvin
model for the material behaviour. They showed 
that the material dissipation became important 
if parametric excitation occurred during buckling. 
However, parametric excitation takès place ogly 
in the case of very short duration loading.
Most of the later works up to the present
are more concerned about improving the accuracy an?
(5 9)the effectiveness of the numerical technique 
These techniques are necessary when studying the 
transient responses of a very short duration loading 
in which the multi modes response are dominant.
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It must be pointed out that all of the dynamic 
stability studies reviewed above are concerned only 
with the case in which the dynamic load is the major 
load, i.e. the load that would normally cause the
structure to buckle.
1.3 Stability Concept and Criterion
Stability of a system may be defined as a measure 
of its tendency to persist in some state under a 
disturbing influence of an external agency which 
encourages the system to abandon that state. Instability 
of a system, on the other hand, may be defined as a 
measure of its tendency to abandon a given state when 
the system is subjected to an external disturbance.
The given state may correspond to a variety of physical 
situations in which the system may interact with its 
environment. The states which the system adopts under 
any given environment are always subject to imposed 
small external disturbances and the stability of the 
system can be seen as the nature of a dynamic response 
to the disturbance or the small change of environment.
It would appear from a dynamic response of the system 
that stable equilibrium states are characterized by a 
dynamic response which eventually vanishes when the 
disturbance is removed, while the dynamic response for 
unstable equilibrium states does not disappear when the 
disturbance is removed. In this sense therefore,the 
question of stability rightly belongs to a study of 
dynamic response. However, criteria of dynamic stability 
are not well defined in the field of structured engineering. 
The criterion most often used to define the dynamic 
critical load has been given by Budiansky and Roth^^^^
By this criterion, the load at which a large increase 
in amplitude of the deflection occurs is assigned to be 
critical l o a d .
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1.4 Problem Definition and the Aim of Present, Study
As it has been mentioned earlier, there is a continuing 
desire on the part of structural engineers to use the 
materials available to them in the most efficient manner.
In many instances this efficiency is manifested as the 
structural form having the least possible weight.With 
advances in metallurgy and fabrication technology,these 
forms have become more widely used in practical applications 
in vehicles such as aircraft,rockets,space capsules and 
large oil tanks. However, while these configurations allow 
very efficient use of materials, it is apparent that as 
designs are optimized they become increasingly susceptible 
to complicated modes of buckling when the structure elements, 
are subjected to compressive loading actions.
Apart from aircraft, rocket and space capsules are 
applications in which proof testing of major components 
to determine actual failure is a general practice. On 
the other hand, the design of the majority of structures, 
for example large oil tanks, have to rely on design based 
on past exp er ience,analysis and experimental results 
obtained from a limited number of tests. The danger of 
this latter empirical approach is that as structural 
forms are refined and optimized the types of behaviour 
which has been unwittingly constrained in earlier \
(perhaps more conservative) designs may now predominate 
in determining the ultimate performance of the structure.
Optimally designed structure maybe subjected to 
high level of imposed stresses; if this stress is close 
to the yield stress of the material, or the design 
results in a hyper imperfection-sensitive structure, a 
small shock load however it occurs, could cause the total 
collapse of structure.
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However, as was mentioned in the review of the 
historical background, the problem of a minor dis­
turbing force,such as a shock load or small blast 
load, on the stability of the structure has received 
no attention in any detailed study in the past decades.
Most of the studies of the dynamic instability have 
been concerned only in cases where the dynamic load is 
the major load.
In view of the nature of the loss of stability of 
structures which are characterised by their elastic 
impe rf ect ion-s ens itiviçy or by their plastic unloading 
due to large deformation, the effect of minor disturbance 
force might play an important role in dynamic instability. 
Therefore it is necessary to develop a theory and correlate 
with tests to investigate the behaviour of the structures 
under major loads and subjected to such lateral disturbing 
fo r c e s .
ThivS I'is the aim of the present study; to investigate 
the general problem of lateral, or secondary, disturbing 
forces on the stability of structural elements.
In order to facilitate the initial development of 
theory the simple link model will first be analysed.The 
results of this analysis will be used to form the basis 
of the development of the theory for continuous structures, 
typified here by a thin wall column. This structural 
element provides the possibility of mode interaction 
between the local buckling and the overall buckling 
resulting in the structure exhibiting imperfection- 
sensitivity for a particular range of geometries. Another 
advantage of the thin wall column is that it can be 
fairly easily manufactured and tested to verify the 
basic assumption and the accuracy of the theory.
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1.5 Description of the Present Study
Generally the present study is divided into two main 
parts, i.e. the development of the theory and the 
experimental work to prove the theory.
After this present chapter, a basic concept 
of transient response and dynamic stability is introduced. 
The concept is used to analyse the stability and the 
response of a simple one degree of freedom link model.
That aspect of the study includes nonlinear effects, 
in which the non-linearity is provided by the elastic 
restoring force. The dynamic stability is discussed in 
the sense of the divergent response. The effect of 
viscous damping on both the response and stability are 
also studied.
Chapter 3 is devoted entirely to the static 
stability theories of pin end strut, thin plate and 
a thin wall column. The various concepts of effective 
width are introduced in order to take into account the 
effect of the reduction in bending stiffness due to the 
local deformation. The approximate numerical procedure 
used to construct the equilibrium path of the thin wall 
column is also described.
In Chapter 4 the problems of structural modelling 
are taken up and specialised to the ease in which the 
bending stiffness of the structural element may vary 
with deflection and/or time. The concepts of a stiffness 
function and the equivalent modulus are introduced and 
applied to the case of the thin wall column. This 
simplified modelling forms the basis of the.dynamic 
analysis of Chapter 5.
22.
The response of general structures to the transient 
loading are studied in Chapter 5. However, the emphasis 
is on the response of the thin wall column. The equations 
of motion of the thin wall column under transient load 
are derived with the help of the equivalent modulus 
concept. The Runge-Kutta method for numerical integration 
is briefly described to form the basic technique of the 
numerical procedure in order to study the transient response 
of thin wall column.
The description of the test rig, equipment and 
physical modelling necessary to prove the theory developed 
in Chapters 4 and 5 are given in Chapter 6 . The principle 
and technique of signal processing are described in detail 
in that chapter, since it forms a principal part in 
obtaining the loading history.
Chapter 7 describes the testing procedure and the 
experimental results. The experimental work consists 
of four main tests namely
(a) Overall flexural rigidity test
(b) Critical load and large deflection test.
(c) Determination of system constant and the 
equivalent viscous damping coefficients.
(d) Transient response tests
The experimental interpretation and comparison 
with the theory are given in Chapter 8 , and finally
the Concl usions are presented in Chapter 9. 1
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2. SYSTEM MODELLING
2.1 General remarks
Insight into dynamic behaviour coupled with potential 
buckling of structural system is most readily gained by 
a study first of a simple one-degree-of freedom model. 
This permits an examination of the complex behaviour 
without complex mathematics.
However, this model is not meant to describe 
precisely the response of any particular structure to 
the application of loads. Nevertheless its behaviour 
provides a guide to the many general types of behaviour 
or phenomena which a class of structures may exhibit.
2.2 Simple, Link Model
Essentially the model consists of two rigid links 
pin-connected at B. One link is supported at a fixed 
pin at A, the other on a roller pin at C, and both 
links are constrained to move only in the plane of 
the paper. Structural stiffness is provided in the 
model by a torsion spring of stiffness c fixed at the 
central hinge and a linear spring of stiffness k 
connected between the central hinge and roller D as 
shown in Fig. (2.]). At hinge B a viscous damper d is 
provided, to simulate structural damping in response to 
small vibrations.
This model has been studied by J.G.A. Croll and 
A.C. W a l k e r w h o  used it to introduce basic concepts 
of stability. Some of these concepts will be reviewed 
here.
q et)
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Fig. 2-1 Simple link model.
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2.3 Equilibrium State
Suppose the model has an initial deflection 0^ and 
when subjected to an axial load P is deflected to the 
new configuration 6 . At this configuration the total 
potential energy V is given by
V = ^ia^(Sin0 -Sin0 ^)2 + 20(0-0^)^- 2P£(Cos0^-Cos0) (2.1)
By differentiating the total potential energy with 
respect to 0  and equating to zero, we obtain the 
possible equilibrium states.
K£ [sin0Gos0 - Sin0^Cos0^+ 4C [8-8^1 -2P&Sin0= 0 (2.2)
If we then introduce the load parameter p and stiffness 
parameter a and defined by
P = -------  (2.3)
U  +4C
la ^  ,« = -- 2 - (2.4)K& +4C
« 1  = ^ -----  = 1-a (2.5)KA +4C
eq.( 2 .2 ) can be rearranged to
a^Sin0Co80 — Sin0^Cos0^+(1—a) (0-0^) — p Sin0= 0 ' (2.6)
eq.(2 .6 ) above specifies all equilibrium states of the system
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2.3,1 Perfect Model
Suppose we assume that the model Is perfect, that 
is 0 ^ = 0 , the equilibrium equation (2 .6 ) becomes
a Sin0 C o 9 0  + (1~a)0 — p SinO = 0 (2.7[)
This equation has two solutions
0= 0 (2 .8)
and
a S i n 0C os 0+(1- a ) 0  - pSin0 = O, 0 fO, (2.9
The first is often referred to as primary or pr e ­
buckling path and the second a secondary or post 
buckling path. The intersection between these two 
paths at
p = 1 and 0 = 0  (2 . 1 0 )
is known as the bifurcation point, indicating the 
possibility of branching of the secondary path from 
the primary path at this point. Fig. (2.2) shows both 
the primary and the secondary paths. One notices that 
for a<0.25 the secondary paths have positive curvature 
and for a>0.25 the secondary paths have negative 
c u r v at ur e.
The stability of both primary and secondary 
paths can be examined by applying the total potential 
energy criteria for the stability which specifies.
. 2
   > 0  stable
d 0
, 2
 y = 0  critical (2 .1 1 )
d 0
2d V < 0  unstable 2d 0
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Fig. 2 2 The Primary path and Secondary paths
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From eq,(2.1) we have the second variation of the 
potential energy in the form
d^v
-- 2de
Cos^e “ sin^e +(1-a) - p Cose (2.12)
For the primary path we have 
,2
— y  = 1 - p (2.13)de
By applying the criterion (2.11) we have the stability 
condition of the primary path as
p < 1 stable
p = 1 critical (2.14)
p > 1 unstable
For the secondary path we have 
2
y = (1-a)(1 - — ^  ) ~a Sin^e (2.15)de^ tane
If we expand tanQ and Sine and neglect the higher 
power terms we obtain
2
 y = y  (1 “ 4a)e (2.16)de
Therefore the stability conditions of the secondary 
path are
« < 0 . 2 5  stable
a= 0.25 neutral (2.17)
a > 0.25 unstable
From this criteria one can see that the positive 
curvature secondary paths are stable and the b i ­
furcation point associates with this type of secondary
29.
path is known as stable symmetry bifurcation point.
However, if the curvature is negative then the secondary 
paths are unstable and the bifurcation of the type of 
behaviour is called unstable symmetry bifurcation point.
2.3.2 Imperfect Model
In the case of an imperfect model i.e. the
equilibrium paths take the form shown in F i g s . (2.3-2.4).
One can see that the secondary path in the perfect 
case forms the asymptote of the set of imperfect 
equilibrium paths. In the cases where a> 0.25, the 
equilibrium paths show the characteristic of having a 
maximum load. This maximum load is defined as the 
limit load. Since the slope of the equilibrium path 
at this point is zero, the limit load can be easily 
obtained by differentiating eq.( 2 .6 ) with respect to 
0  and equating the result to zero, which yields the 
limit load in the form
Plimit = csfe: [ Cos^e^-SinVsine^SineJ (2.18)X &
where
Sin^G = Cos^G +Sin G.SinG . - fa(SinG.CosG.-SinG CosG.)i. Si Z o atanG ^ Z Z o Z
+(l-a)(0 &-8 O) ]
From a practical viewpoint, only the limit load of the case of 
From a practical viewpoint, only the limit load of the
case of a> 0.25 is important because this is the maximum
load which the model can carry. In the case of a> 0.25
the limit load is on the complementary path and has no practical
m e a n i n g .
2^4 Dynamic Stability
In the previous sections we have examined the stability of 
the model by using the energy criterion of sta bi lity.H o w e v e r , 
such a criterion is not suitable for the dynamic response, 
especially under transient loading. Since the potential of 
the transient load is time dependent and hence the 
determination of total energy requires time increment
30
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Fig. 2*3 The effect of param eter a on the shape of equilibrium paths.
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integration which can be very complicated under this 
condition, a dynamic stability criterion is more 
favourable.
In this section the dynamic stability will be 
reviewed and used to examine the stability of the simple 
link model
Suppose under a disturbance the structure deflects 
f r o m  its original deflection 0  by an addition deflection 
0. In this case the total potential energy becomes
1 2 “ . ' 2  V = Y  K& Sin(0+0) - Sin0g
+ 2C p + 0  - 0Q J ^
~ 2PJI Cos0^“Cos (0 + 0) (2.19)
If we assume all the mass of the links is concentrated 
at the central hinge B, we have kinetic energy in the 
form
K.E = Y  m ( £ 0 * )  ^ (2.20)
where
0 * = d 0 /dt and
m is the total mass of the system.
With damping we also have a dissipation function
D = I  (20*)^ (2.21)
The equation of motion is obtained, by means of the 
Lagrange equation
I F  - W - ' Û  ■ » » ■ “ >
Which upon substituting for K.E,D and V together 
with the application of equilibrium eq.( 2 .6 ) we 
obtain equation of motion.
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2
0"* + ~ ~ 2  2 ^  ^[ I'a(l-Cos20-Siri0^Sin0)-pCoE0j0
vciZ
2TT 0 "Q n 2+ ^  Sin0  -2aCos0Sir0+—  Sin0 Cos0)0 =0 (2.23)m£“  ^ 2 0
For the case of small vibration we can neglect the term 
2
0  and if we also assume that the damping is very 
small, i.e. d^O, then we have
20'' + B 0 = 0  (2.24)
2where B is defined by 2
6 ^ = (■^ —— --■^ -) (l-a(l-Cos20 -Sin0 Sin0)-pCos0) (2.25)
2Depending upon the sign of B the solution of eq,(2.24)
1 s
20 = A Singt + B Cos, gt for g > 0  (2.26)
20 = At + B for g = 0 (2,27)
0 = A Sinh gt +B Coshgt for g^ < 0  (2,28)
Where t is time and A & B are constant
Talcing the condition at time t = 0 to be typical of 
these occurring with a small disturbance, that is
0  = 0 ^ and 0 * = 0 ^, we have
0 : 20 = —  Sin gt+0g Cos gt for g > 0  (2.29)
0  = 0 ^t + 0 ^ ■ for g^= 0  (2.30)
0 * 20 “ - ^  Sinhgt + 0Q Coshgt for g < 0  (2.31)
Plotting the variation of 0 as a function of time t, 
as shown in F i g . (2.5) we notice that the nature of the 
dynamic response is very dependent upon the sign and 
magnitude of g . For positive g ^ , the response to
an external disturbance is one of oscillation about the 
equilibrium state, the amplitude of which, on account 
of damping will eventually reduce to zero.
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We therefore consider this state to be one .of stable 
equ ili br ium.
2If 3 is zero the response of the system to the
disturbance will be such that it will move with
constant velocity 0 ' whicho
with increasing with time.
^  results in a large deflection
2This is also in the case where 3 is negative;
however, in this case the velocity 0 ‘ does not remain
constant but increases with time. For both cases 
2 2
3 < 0 , 3  = 0 , we may consider the equilibrium state 
as u n s t a b l e .
2Since 3 is dependent upon a,0,0^ and p, as 
may be inferred from eq.(2.25), we need to examine 
this relationship more closely.
For a perfect system 0^=0 along the primary path 
0 = 0  we have
p2 (i_p) (2.32)
m l
2In this case we can see that 3 is not dependant 
upon a and will become non-positive when p = l which 
is a bifurcation point.
2However, for an imperfect system 0^ f 0. ,3
will remain positive for all value of p in the case
of a < 0.25 as shown in Figs. (2.6-2. 8 ). This implies
that the system remains stable for all value of p.
On the other hand, if a > 0.25 there exists a certain
2range of loading parameter p at which 3 remains
2positive. For a sufficiently high value of p,3 
will become zero or negative, therefore, at this load 
the system becomes unstable.
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If we examine eq. (2.25) more closely we can see2 . .that the condition at which g = 0  ^ is in fact 
identical to the condition of limit load eq.(2,18).
Since this condition i.e.
3^ = 0 (2.33)
specifies the boundary which divides the equilibrium 
states into two different domains, i.e. stable domain 
and unstable domain, this boundary is known as 
the stability boundary.
2.5 Transient Response
Generally structural systems are always subjected to 
disturbing forces during their lifetime. As far as 
stability is concerned, the maximum response i.e. 
the maximum deflection, is of interest. Thus in the 
present study of transient disturbances of short 
duration only the first few cycles of vibration of 
the system after the disturbing force is applied are 
the main concern.
In practice many types of disturbing forces 
which may occur e.g. due to wind and earthquakes, can 
be described only by their statistical properties and 
may involve complex time domain analysis.
However, approximate disturbance functions can be 
used Fig.( 2.9) shows some commonly encountered 
disturbance functions, a step pulse, a sine pulse which 
can be used to simulate an impact load, and an exponential 
pulse or blast loading function.
Before proceeding to the study of the response 
of the system to a time dependant disturbance force we 
will examine first the response of the systen due to 
a static disturbance load.
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Suppose we consider a static disturbance load 0* s
is applied at the central hinge B, then equilibrium 
equation takes the form
“K2^+4c ■ ~ 1 ~
2 CosG a(SinGCos9 -Sin0^Cos0)+ (0-0^) (l~a)
-pSinG (2.34)
From the equation we can find the maximum staticAdisturbance Q by differentiating eq.(2.34) and dQ sequating  s to zero; that is,d0
■kQ = - “ K 2^+4c] 1L  ^ J SinQ_ o(Cos^-Sin^G+Sii'i 0 SiïïQ)
+ (1-a) - pCosG (2.35)
For any disturbing load higher than Q*, the system 
will become unstable. If we then eliminate by 
using eq.(2.34) and eq.(2.35) we have
Sin^G* = -  s a l-pCosG^ +(l~a)(0^~0q )tanG^-ptanG
. * Sin0^
(2.36)
where G  ^ specifies the deflection of the system when
subjected to the maximum static disturbance load 
■k
Qs-
If we now turn our attention on the transient 
response of a dynamic disturbing force, the equation 
of motion can be cast in the form
0 “ + ^  0 ’+m&
Rjl^ +4c
m 2
. m 2 “
Cos (Q+0)q(t)
~  Sin0-2aCos0Sin0+ ^Sin® Cos® 
2 2 o 0
(2.37)
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Since eq.(2.37) is a nonlinear differential equation 
which has no known exact solution, it must be solved 
by a numerical method.
Fig.(2.10) shows two typical types of response 
subjected to step pulse loading, which has a relatively 
long duration i.e. greater than 1 0  times the natural 
period of vibration of the system.
In the case of a small pulse amplitude the response 
is characterised by oscillation vibration as shown in 
Fig.( 2.10 ); therefore the system is stable. However, if
the pulse amplitude is increased, the maximum deflection 
of the system is increased. For a sufficiently large pulse 
amplitude the maximum deflection will reach a critical 
state at which the oscillation vibrations are degenerated 
and becomes divergent deflection as shown in F i g . (2.10 )
and hence the system is unstable. This critical deflection 
which will be specified as 0  ■ is in fact greater thanA0 g , as given in eq.(2.36). The corresponding pulse 
amplitude will be referred to as critical and willkbe denoted by q .
Suppose we then fix the pulse amplitude and gradually 
reduce the pulse duration. At first the response of 
the system exhibits the divergent deflection characteristic 
but when the pulse duration becomes very short the system 
will revert back to the oscillating type of response.
The pulse duration at which the change of response
occur will be defined as "the critical duration" and
. &will be denoted by t .
Fig. (2.11) shows the effect of the critical pulse 
amplitude in relation to.the loading parameter p in 
the case of long pulse duration, that is the maximum 
transient occurs during the applications of the distributing 
force. One can see that for a highly imperfection
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sensitive system a ->1 , a small amplitude disturbing 
force can destablize the system. However, when the 
system is less imperfection sensitive one needs a 
larger force to destablize the system. For an imperfection 
non-sensitive system a<0.25 the system remains stable 
up to a very large deflection i.e. 0=±9O, this suggests 
that if the springs remain elastic, there will be no loss 
of stability due to disturbance force.
The direct effect of pulse duration is shown in 
Fig. (2.12 ) for the case of a = l . Evidently shorter 
pulse durations require higher forces to be able to 
destablize the system.
In spite of relatively large numbers of parameters
involved, the critical pulse dimension, that is the
. . * * relationship between q and t can be generalized.
The results of numerical analysis in the case of zero
damping for all value of parameters involved yield
only one single curve as shown in F i g . (2.13 ).
By using curve fitting method this relationship 
can be described as
a _*LQ__
= 0.00278 - 1t*/T + 0.154 t* /T + 0.411
for t*/Tf 0.5 (2.38)
• Where Q* is the maximum static disturbance force 
as specified in e q . ( 2 . 3 5 ) T i s  the period defined by
T = 2n/B (2.39)
Eq.(2.38) can be rearranged to read
q*= j' 0 . 0 0 2 7 8 ( ~ ) ^  + 0 . 1 5 4 ( ~ )  +0.41lJ Q* (2.40)
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Which described the critical pulse amplitude in the
Aterm of maximum static disturbance Q .s
Since the maximum effect of the disturbing force 
occurs when the pulse duration is half of the period, 
this gives the minimum q as
q* = 0.73012 Q* (2.41)
* *If q is less than 0.73012 Q there will be no loss of
stability due to transient loading.
svIf we .set the coefficient of in eq,(2.40) 
to unity we obtain.
•—  = 0.2784 (2.42)
For any pulse duration shorter than specified by
eq.(2.42), the pulse amplitude needs to be greater 
*than in order to destablize the system.
The overall effect of disturbing force can be seen
in Fig.(2.l4) which is the case of a = 1 . The normalized*parameters 3 ^ and are calculated at p = 0  and 8 ^ = 0
The effects of damping are shown in F i g s . (2.15-2.16). 
In contrast . to the case of zero damping the presence
vsof the damping does not result in a single ^ 
curve as shown in Fig. (2.13), but a series of curves
* t A
in which the ratio q /Q increases as the axial load P
 ^ Aincreases for a given ratio t -/T . In Fig.( 2.16)
the effect of damping can be seen clearly that the -
Ahigher the damping, the higher the magnitude of q is 
needed to destablize the system. As the duration of the 
loading decreases the effect of the damping becomes 
greater as far as stability of the system is concerned.
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Fig. 2 • 15 Effects of damping
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2.6 Summary
The study of a simple model in the previous section 
will be used to shed light on the behaviour of more 
complicated structures with similar buckling characteristics 
It is expected that they will have a similar dynamic 
behaviour. Any system which exhibits imperfection 
sensitivity will become unstable at the load close to but 
below the critical load, if subjected to a disturbing 
force. Duration of the disturbing force can be very 
short i.e. less half of the period of the free vibrations 
of the system in order to and still cause the system to 
buckle if the disturbing force has a sufficient peak 
a m p litude.
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3. BASIC CONCEPTS AND DEFINITIONS
3.1 General Remarks
In this chapter, the general behaviour of a simple support 
àtrut is desrcribed briefly. The stability and 
general non-linear behaviour of a simple support thin 
plate subject to uniform distributed compressive load 
is also discussed. The effect of imperfections on the 
post buckling behaviour is considered in some detail.
The concept of effective width is introduced to account 
for thé reduction of the plate stiffness due to local 
b u c k l i n g .
By combination of theories . pf both strut and 
plate the stability of thin wall column can be investigated. 
However, the governing equations of the post buckling path 
described can only oe solved by numerical method.
3.2 Tin-e nded Struts
Before we study plate behaviour it is useful to review 
the more familiar analysis of pin-ended struts. Suppose 
we consider a structural member supported both ends 
at two frictionless pin joints, and subjected to axial 
compressive load. In a practical structure inevitable 
manufacturing defects occur, the most common of which 
are the initial deflections of the structure and the 
difficulty in aligning the compressive load exactly 
with the centrai da]/, axis Fig.( 3 .l). Analysis' 
shows that the relationship between axial load and 
deflections are governed by the expression
P = Elm:2L &
(3.1)
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where
P = axial load
E = young's modulus
I = the second moment of area of the
cross-section
& = is the length of strut between the pin
j o ints
B = initial deflectiono
B = centre deflection
e = eccentricity of the load
In the ideal condition where both B and e are zeroo
the strut will support the load in its straight 
configuration up to a critical load, at which stage 
the strut becomes unstable and consequently deflects 
lat e r a l l y .
The critical load for such a strut was first ( 1 )obtained by Euler and hence this critical load is 
usually referred to as Euler load or Euler buckling 
load and can be written as
P e = ^  (3.2)
The corresponding critical stress is
°E “ (3 .3)J. Awhere A isi the cross-section areaIf we then substitute eq.(3.2) into eq.(3.1) we get
p = .Z ^  Pg (3 .4)
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The result of the geometric imperfection B^ and/or 
eccentricity e is to cause the deflections to grow 
from the beginning of load application as shown in 
F i g . (3.2(a)). Providing the material remains elastic 
the strut will carry load up to its critical load.
For this type of structure we can see . that the presence 
of imperfections do not effect the critical load and 
we can say that an elastic strut is not imperfection 
sensitive.
Under loading, the distance between the ends 
of the strut (between two pin joints) becomes 
shorter; this end shortening A is compounded of the 
strain effects and the shortening due to the change of 
curvature. The rate of change of load with end shortening, 
that is dp/dA which the slope of the lines in Fig.(3.2(b)), 
represents the stiffness of the structure. The shortening 
Ag which is the end shortening of a perfect strut at the 
Euler load can be expressed as
“ AE (3.5)
From Fig. (3.2(b)) one important feature can be noticed 
that is when the strut is subject to its critical load 
it has zero stiffness.
3 . 3 Thin Plate
A plate is a structural element in which the thickness 
t is much less than its other dimensions. It is 
usually supported around most of its periphery. In 
structural engineering the use of plates is very 
common; however, the smaller thickness of plates 
can bring with it many problems. The most common 
is a local buckling condition which is noticeable 
as deflections occur on the plate under a sufficient
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compression load. In general the wavelength of 
these deformations is of the same order as the 
width of the plate elements. When local buckling 
takes place, the stiffness of the plate elements 
is substantially reduced which may lead to the 
collapse of the structural at a lower load than if 
local buckling had not been present. The influence 
of local buckling on the behaviour of plates is one 
of the most interesting aspects of structure engineering. 
To give some insight idea of plate behaviour let us 
consider a rectangular plate s imply supported along 
all four edges subjected to an inplane uniform load 
applied along the opposite edges as shown in Fig. (3 ,3 ).
Assume that the plate has stress free initial 
geometric imperfection which can be specified by
W^ = % E Amno Sin m ^  Sin n-~ (3.6)
m=ln=l
(m,n = 1 ,2 ..) 
where m and n are numbers of half waves in the 
X and y directions. We also assume further that 
under loading all four edges remain straight but 
can deform in the x-y plane. The deformed shape 
of the plate can be then adequately described by
W = E E Amn Sin m -^Sin (3.7)
m=l n=lBecause of the presence of the initial imperfection 
as soon as the uniform load is applied the stress 
distribution in the plate will not be uniform. The 
distribution of stresses across the plate requires 
to be established first before proceeding with the 
study the plate behaviour in more detail.
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3.3.1 Stress Distribution
Suppose under loading conditions the overall length 
of a plate is reduced by the amount and at the same 
time the overall width of plate is increased by the 
amount as shown in Fig. (3 .4 ). Denoting to
specify the average strain along the unload edges 
then we have
= xe'A (3.8)
only along the straight unloaded edges at which 
the end shortening is a function of the average 
strain alone. For any longitudinal fibre away from 
the edges the end shortening is a combination of 
effects combining the change in curvature and the 
average strain, thus.
U = I..£ + E Z X X  - ,m=ln=l
Amn^-Amno^' (3.9)
From eqs, (3.8 and 3.9) we can write the average strain 
of the longitudinal fibre in terms of the average strain 
of the edge fibres as
m ^ VE = X E -E E xe m=l n=l
Amn^-Amno^ ' Sin^n IZb (3.10)
From the average longitudinal fibres strain we can 
obtain the average fibres stress in X-direction 
in the form
a = EX
r 2 2 - 2 2 ‘5 ^ Amn -Amno“ m   E - E_ E _| xe m=l n=i |_ •Sin n -Try (3.11)
The summation of the forces due to over the
transverse cross section area has to equal to the
applied load P
-P = to (3.12)
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This integration yields
xe
ay e 1 ^ “
E 2 m=l n=l
I- 2Amn -Amno 2 . 2  m TT
where a av e tb
substituting eq.(3.13) back into eq.(3.11) we get
*~Am.n^-Amno^ 2 2 m TV 1-2 Sin^n ^  b
Along the unloaded edges where
(3.1-3)
(3.14)
y = 0 and y = b 
eq,(3.14), above yields the maximum value
— V CO ooa ^ a + ~  Z ZX max ave 2 , ,m=l n=l
,Amn^-Amno^ 2 2 m .IT
as shown in Fig. (3,5 )
By following the same procedure we can obtain the 
corresponding expression for the transverse fibres.
E = e -  Zy ye
^Amn^-Amno
m=l n=l
E . E 
m=l n=l
2 -t 2 2n TTX
— E “
ymax 2 m=l n=l
Amn^-Amno^
A 2 , 2Amn —Amno
2 2 r- n TT
b
2 2
l-2Sin^m ~
I n TT
"J
(3.15)
(3.16)
(3.17)
(3.18)
However, in many applications the knowledge of local 
direct stress is necessary especially when dealing with 
the possibility of the plate collapses due to yielding 
of the material. In general, the analysis concerning local 
stress is quite complicated, usually the analysis begins 
with the process of determination of the Airy stress 
function J. Rhodes and J, Harve;^^^'^^^. After that the 
local stresses can be determined directly bÿ evaluating 
the second derivative of the stress function.
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For the sake of simplicity an alternative 
indirect and approximate method will be used here.
As far as the first approximation is concerned we can 
assume that the local stress at any point along 
the fibre is equal to the average fibre stress plus 
the Poisson effect due to out-of-plane deflections, 
that is
'^ave^ 2 1=1 n=l^ '
A 2  ^ 2 2 2« ,Amn -Amno ,.m  2 Try.-J------ )-2— (l“2Sin n
Z
i  1 1=11=1
A 2 , 2 2 2 2 2Amn -Amno . m u  n ' o o
(l-2Sin^n -^) (l-2Sin^m ~ ) (3.19)
E OO 00
*^ y 2 m=l n=l
A 2 , 2 2 2, Amn -Amno . n ir ' /. “ 1 o (l-2Sin^n %
V E s ™ r , A m n ^ - A m n o n " i T
m=l n=l
2 2 2 2 2
£2
(l-2Sin^n ^  ) (l-2Sin^m I (3.20)
Since the two expressions above is only f irst 
approximation they can be used only in the case 
when the out of plane deflections are small 
relative to the thickness of the plate,
3.3.2 Equilibrium States and Critical Point
In this section we will try to obtain a simple 
expression describing the equilibrium states of the 
plate
To simplify the problem a number of assumptions have 
to be made; they are
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(a) The middle plane of plate when deformed during 
bending, remains a neutral surface.
(b) The loads are entirely resisted by bending 
moments and membrane forces induced in the 
element of plate and the effect of shearing 
forces is neglected.
(c) Plane sections rotate during bending to 
remain normal to the neutral surface, and do 
not distort, so that stresses and strains are 
proportional to their distance from the neutral 
su r f a c e .
We now apply the principle of minimum potential 
energy, which states that at equilibrium states the 
total potential energy of the system is always a 
relative minimum. This enables us to examine the 
equilibrium of the plate in a very simple and direct 
w a y ,
The strain energy of the plate is given by
,2/ \ 't 2U = y D 9^^ (w“w^) ^ 9^ (w-w^)
? 9 -rr9 (w-w^) -I
9x9 y
9y
dx dy
-  2 (1
9^(w-Wg) 9 (w“W^)
9xr ay­
es.21)
Where D is the Flexhral Rigidity of the plate, define as
(3.22)D = E t?/12(1-v^)
Substituting for W and W^ from eqs.(3.6) and (3.7) 
we have
Db£ ??U = 8 m=l n=l Amn-Amno
2 2 n ÏÏ (3.23)
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The total work done by the compressive load can be
written in the term of average longitudinal fibre
stress and the end shortening as 
bWD = i
Oj
c;^tu^dy (3.24)
After substituting for and from eqs.(3.11) and 
(3.8) respectively with the additional relationship 
(3 .15' ) we obtain
= 8 '
o 0 2 2’TE (Amn" -Amno " ) — j£ bjn=l n=l _l
f  T Amr.^  (Amn-Amno)^ m^tr'^ ~j'£bE m=l n-i 4
"[£J ^ (3.25)
From eqs.(3.23 and 3.25) we can write the total 
potential energy in the form
V f
O  T -m=ln=l
— 3 " t a 8 ave
Amn-Amno
2 s- 2 2 2 2 _2m TT . n TT
E - Z  ^ (Amn^-Amno^) ^ m=l n=l .2 £b
E  ^ E T  ^ 2 (Amn-Amno) — ~m=1 n=l Amn ---- ;----   „44 £
£ _ 
£bE (3.26)
For the total potential energy to be a relative 
minimum, and hence relate to the equilibrium condition, 
we must have
9Amn =  0 (3.27)
By substituting eq.(3.26) into eq.(3.27) and r e ­
arranging we obtain the equilibrium equation
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Amn a = a  --  ave cr
mb
£n
Amn Amno ^ 1 2  ,. 2.
  r  + w  ) "^Âmn^  Amn Amno^
4
■ 2 .2m b
' n^
+ 1
X
(3.28)
where the critical stress is defined as
kir^ Ecr 12(1-v^)(b/t)^ (3.29)
The ratio b /t is known as the thinness ratio of the 
plate and the coefficient k is known as the plate 
buckling coefficient which can be given as
K + 2n^ +(^)^ (3.30)
This coefficient taken a minimum value when n=l and £— g- = 1 as shown in Fig. ( 3 . 6  ), that is,
K.min = 4 (3.31)
corresponding to minimum critical stress
2 ir E
mrn 3(1-v^)(b/t)^ (3.32)
To illustrate why the expression (3.29) specifies 
critical state, let us consider the perfect system 
in which . Amno = 0
In the case of the perfect system the equilibrium 
equation (3.28) is modified to read 4 ,
2Amn a = a — —  ave c r
■ + 1
[Amn ] 
t (3.33)
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This equation has two solutions
Amn = 0 (3.34)
and
ave = a cr mb£n
+ 1
j-Amn -r 2
-I 2 L t J (3 .35)
The first solution describes those states in which no 
out-of-plane deflections has yet developed that is, 
the pre-buckling path. And the second solution describes 
the post-buckling path in which the out-of-plane 
deflections occur. These two paths are shown in 
Fig.( 3.7 ). The intersection between these two paths 
is usually referred to as the bifurcation point or 
critical point and from the Fig,( 3.7 ) we can see
that at this point the stress is equal to
The load which corresponds to the critical stress is
known as critical load which can be given as 
P
2 3kw Eter (3.36)12(l-v )b 
For the general case and as
min (3.37)3(1-v )b 
for a minimum case
As far as critical load and critical stress are 
concerned, one-can notice that they are functions of the 
stiffness of plate material and not influenced by the 
strength of the plate, that is, its yield stress. However, 
in practice the elastic buckling can only occur if 
the critical stress is less than the yield stress
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 ^ kir^E
yield 12(1-v^)(b/t)^ (3.38)
This imposes a restriction of the plate geometry, 
that is, the thinness ratio has to satisfy the 
c o n di ti on.
b/t > ICTT^  E ^
12(1-v^) ^yield (3.39)
Before the elastlic buckling can occur.
3.3.3 Stability and Post Buckling Path
The first approximation to the post buckling deflection 
path of perfect system is a rising parabolic curve. The 
deflection of the plate increases when the average stress 
is increased above the critical stress. This ability 
of plate to carry load in excess of its critical load- 
is in contrast to a strut which even in its perfect 
state cannot support loads greater than its critical 
load. However, in practice due to small imperfection 
the magnitude of the out-of-plane deflections grows 
from the beginning of the load application and hence 
there is no load that we can identify as the critical 
load. In elastic buckling,a plate has no theoretical 
maximum load even when very large buckles have developed. 
In this aspect the elastic buckling of simply supported 
plate is always stable.
For the relatively long plate &/b>4 the buckles 
will approximate to square wave forms, that is the 
ratio — • 1 so that k "^4 and the equilibrium eq.
(3 ,28) becomes
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2 3 2 ~Amn Amno 3 ( 1 -v ) (Amn _ Amn Amno )
, t - t 8
If we define axial load P as
(3.40)
F = Cave (bt) ( 3 .4 1 )
We can express the equilibrium (3.40) in more
familiar form as
~/Amn3 ,Amno.^ .(— ) -1— 1 83(1-v^)
P Amno —
-—  —  I +
cr Amn
(3.42)
From the equation one can see that at high value of —
.cr
the effect of the imperfection Amno diminishes, and the 
post buckling path of an imperfect system tends to 
approach the post buckling path of a perfect system.
For a given buckle amplitude and very small deflections 
we can express the end shortening as
cr
xe
cr
max r- a .2 Amno
cr Qr Amn J
—1+-Ainno
Cr Amn (3.43)
Where U = P /E;tb c r ÆT —
 ^cr ^ cr ^  E
(3 .4 4 )
(3.45)
The maximum local longitudinal stress &  occursmaxat the corner of the plate and can be evaluated by 
setting x=& and y=b in eq.(3.19) and by using eqs.(3.3o) 
and (3.42) which gives
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X max
cr
r a
2 ave _ Amno
c r Amn
2 i  -  1 + ^ 5 2P Amncr
roave 1 , Aiiino
;-----cr
-t 2
- 1.+ Amno
cr Amn
(3.46)
The plot of eqs.(3.43) and (3.46) are shown in Fig.( 3.8) 
and Fig.( 3,9 ) respectively. The prebuckled stiffness
of the plate is defined by P^r^^cr the post-buckled
stiffness by dP/du^. Denoting the ratio of post to 
prebuckled stiffness as q
n=
"cr
d ( |— )cr
cr
(3.47)
in which P/P = o /a so, differentiating e q . ( 3 .4 7: ) 
with respect to "^^ve^^cr using equation (3.40) gives
n=
( ^ ) +  I  (i-v2) ( A m )  3
,Amno\. 12 . 2. .Amn-g- (l-v ) (— p -
(3.48)
Term n can be regarded as the tangent stiffness of the plate
at load P. The secant stiffness is defined as (P/I^ ^ )/(U^/l^ ^ )
from equation (3.43) we obtain
"s =
o / a  ave c r
2 ave _  ^^  Amno
(3.49)
cr Amn
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Fig. (3. IQ) and Fig, (3,1]) show the plotted values 
of n and n^ respectively. From these two figures 
we can see that unlike a strut, the post buckling 
stiffness of a plate is not zero but nevertheless it 
is reduced from the initial value ( ri>Tig = 0  to about 
half(n,rig = 0.5).
3.3.4 Effective Width
In the analysis of plate post-buckling behaviour 
section 3.3.3 we have seen that a thin plate is not 
fully effective in withstanding compressive loads in 
the post buckling region. To take account of the 
changing in plate stiffness under loading condition, 
the concept of effective width was originated. It 
was used for a great many years in ship design before 
any rigorous examinations of compressed plate behaviour 
had been carried out.
3.3.5 Effective Width for Strength
F i g . (3.12) shows diagramatically the concept of 
effective width.Under a uniform distributed compressive 
load when buckling, the maximum stress occurs at the 
plate edges while the stresses near the more highly 
deformed plate centre are relatively small F i g . ( 3 . 12(a)) 
It is quite realistic in such a situation to consider 
that the effectiveness of the plate in withstanding 
load is confined to the plate edges. Under these
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circumstances the idealisation shown in F i g . (3 .12(h)) 
can be used, where the total load is carried by two 
strips of combined width be situated at the edges of 
plate and carrying the maximum stress sustained by the 
p l a t e .
The effective width for strength, be, may therefore 
be defined as that width of fully effective,unbuckled 
plate which sustains the same maximum membrane stress 
as the buckled plate under a given load^°^^ .
Thus
^  (3.50)D crX m a x
It has been shown by a number of researchers in the 
past that the maximum load of a plate can withstand 
is very close to that which cause first membrane yield 
to occur, so that an effective width based on the 
maximum membrane stress is useful in predicting the 
ultimate strength of a plate
By substituting eq.(3.46) into (3.50) we have 
the effective width of a simply supported plate with 
the unloaded edges are constrained to remain 
straight as
a /a , ave c r^  =  ______________________________b .^ave ., Amno 2----  - I + -T---^cr V I
rcr » -t 2ave , , Amno -  1 +
(3.51)
a Amn— cr
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It is naturally for a simply supported plate to 
buckle into half wave length equal to their width 
at the load which is not substantially greater than its 
critical load. However, there is also much experimental 
evidence that there is a tendency for the buckle 
half wave length to shorten if the load is substantially 
greater than its critical load. In a theoretical 
infinitely long plate this shortening can take place 
continuously. This was first investigated for plates 
with unloaded edges kept straight by Koiter'^^'. He
found that the half wave length change at loads near 
buckling is approximately given by
1/3
(3.52)Buckling wave length2(width) “ ^
^cr
exe
and the effective width is given as
4be
b 3+r^ ~  (3.53)X  m a x
Koiter also suggested that for plates with straight 
edges the effects of rotational restrains at the edges 
could be taken into account adequately by both eqs.
(3.52) and (3.53) as long as the corresponding values 
of critical stresses or strains were used.
3.3.6 Effective Width for Stiffness
An effective width based on the average edge strain is 
used to specify compressional stiffness of a buckled 
plate. The effective width for stiffness, be, is 
defined as that width of unbuckled plate which sustains 
the same average strain as the buckled plate for a given 
l o a d , that i s ,
, - e o /obe ave ave cr
^xe 2 S v e  Amnoa Amncr
(3.54)
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By comparing eq.(3.54) to (3.51) we can see 
that be is always greater than be.
As in the case of strength, the stiffness 
of the plate is also effected by the shortening of 
the half wavelength, in this case the eq.( 3 .5 4 ) 
is replaced by
b
4^  
1 +r •
3+r L 3+r
"cr
xe
(3.55)
where r is defined by eq.(3.52). At high strains 
K o i t e r s u g g e s t e d  that the equation (3.55) can be 
replaced by
be
b = 0.785 cr
xe
1 / 3 (3.56)
For simplicity when the half wavelength is allowed 
to vary then in the case of plates with edges kept 
straight the effective widtt^ for strength is close 
to that for stiffness and the eq.( 3 .5 5 ) can be 
used for both effects.
3.3.7 Reduced Tangent Modulus
The effective width specified by eq.(3.54) represents 
the Overall stiffness of the plate. It is sometimes 
important to know the magnitude of the instantaneous 
or tangential stiffness of the plate. The tangent 
effective width be is defined as
A b e E*
E (3.57)
The term E is commonly known as a reduced effective 
Y o u n g ’s modulus specified by
80.
* [Ê]
Ë  “ h P ^ (3.58)cr
Ucr
Therefore we have 
be“b" " ^ (3.59)
If we then substituting for n from eq.(3.48) 
we get
be (3.60)
*The value of be is always smaller then be for the 
same load.
3.4 Thin Wall Column
The geometry of thin-walled rectangular tubes 
investigated in the present study is shown in Fig. (3.13). 
It is simply supported (pinned) at both ends.The load 
is considered to be applied at both ends.
The following assumptions are made to permit 
a simplified mathematical model.
(1) The loads are conservative in nature
(2) The joints between adjacent plates are 
moment free, i.e. treated as simply 
supported.
(3) No local buckling takes place in the 
narrower plates.
(4) Local imperfection on the wider plates have 
the same shape as the critical buckling mode.
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(5) The corners of the tube remain straight 
when local buckling only occurs.
(6 ) Plane sections before overall buckling 
remain plane after buckling.
(7) The development of local buckling in the 
widest plate does not depend on the change 
of the curvature of the plates due to 
overall buckling.
3.4.1 Effects of Combined Plate and Column Buckling
We start with the simplest analysis, that is,
it is assumed that the tube has no local imperfection,
the load is applied through the centroid of the full
cross-section, and the widest plate critical stress
is higher than the Euler stress. In this case the
tube behaves like a conventional strut and its behaviour
is governed by eq.(3.4), that is
P B-BoPg B (3.61)
When load P is increased the deflection B will likewise 
increase. If we now consider the section at mid-length 
the stress of the widest plate on the compressive side 
1 s
^ " ^E * ^b (3.62)
Where a,, is the.Euler stress (P_/cross section areaA)Ü Eand o^ is a bending stress.
As the column deflections B increases and this stress 
will increase until eventually it will reach the 
critical stress of the widest plate under compressive 
loading , ^ , i . e .
^cr “ ^E +^b
® " ®c (3.63)
P = P 'c
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At this stage the widest plate on the compressive 
side will buckle and becomes only partially effective.
Its original width has to be replaced by the effective 
width specified by eq.(3.59) which is .
be = qb (3.64)
Thus the original section is replaced by the 
effective section , this section
has its own centroid whi ch does not coincide with the 
original centroid. However, the load is still applied 
physically through the original centroid see rPig. (3.14) ,hence 
there is an effective eccentricity of the load e.
This effective column has a corresponding critical 
load called the reduced modulus load P derived as
* . .where I is the moment of inertia of the
effective section.
And the equation governing the behaviour of the column 
after the local buckling has developed is
P
2 * (3.66)P B ’ + TT e 
8“
wher e B ’ = B  (3.67)
= deflection measured from the new centroid
However, at the stage in which the local buckling
originates (eq.(3.63) is satisfied), the eq.(3.66) is
also satisfied, hence we have
P (B -B ' )
^  (3.68)r ( B + e )8
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which give the effective overall imperfection
B ' as o
® c - F- r A " ' (3.69
By substituting eq.(3.67) and eq.(3.69) into 
e q . (3. 6 6 ) we get
p B'-B +  ^[ b + "F e ]_
P_ r$r - c  
B'+ tr^ e* (3.70)
8
E q .(3.70) above describes the behaviour of post 
local buckling phase of the column in terms of the 
original cordinate B
Suppose we now consider a column with an 
initial local imperfection of amplitude .
Due to the presence of the local out-of-plane 
deflection amplitude,A, starts to grow as soon as 
load P is applied'. The effectiveness of the widest 
plate is therefore diminished from the outset, and if 
the load is applied through the full section centroid 
there will always be some effective eccentricity 
arising from the presence of local deformations. As 
the load P is increased the amplitude of local 
deflection A increased. Hence the reduction of effect­
iveness and the shifting of the centroid are continuous 
processes as the load is increased. Thus, by analogy 
with eq.(3.70) the behaviour of column at any stage 
can be described by
• (n-t-1 ) ^ 
^f(n+l)
B' -B + n(n+1 ) n (n+1 )
2 ■
Where the subscripts n and n+1 are specified 
the stages.
(3.71)
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Eq.(3.71) specifies the new stage (n+1) in relation 
to the previous stage n. All parameters have 
instantaneous v a l u es .In effect it describes an 
incremental change of load P corresponding to an 
incremental change in central deflection B. Strictly 
speaking, the incremental changes should be 
infinites tima 1 ly small, but from a practical view 
point sufficient accuracy is retained when the 
changes are taken as finite but small. Thus to obtain 
the loading path it is necessary to solve Eq.(3.71) 
with a step-by-step procedure.
The relationship between P and B is requiredn n
to be determined before the future stage (n+ 1 ) can be 
examined. The problem now is to derive the relation­
ship at the present stage n.
3.4.2 Governing Equations
Consider a pinned ends column as shown in Fig. (3 .1 5 ). 
This column is subjected to a compressive axial load P 
applied at a distance So from the centre line of 
its full cross-section. In addition to the axial 
load, suppose we also have a point load Q applied 
laterally at the mid span of the column and a lateral 
distributed load Q^ specified by
= W Sin =  (3.72)
Where W is a maximum amplitude of the load, and an end 
moment applied at both ends.
Now, let A and C specify the amplitude of 
out-of-plane deflections of the widest plate on side 
A and C respectively, and the overall deflection at the 
mid-length of the column is B. Suppose that the 
centroid of the full cross-section or the effective 
cross-sections does not coincide with the centre line
Fig.  3 15
W  sin
Loading c o n d i t io n s
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of the full cross section but at the distance S 
away from the centre line. Then we have the 
eccentricity or effective eccentricity of axial 
loading, as
e or e = S + S  o (3.:73)
For a given effective cross section the behaviour
of the column can be described by a simple beam 
column theory as
P =
B’-B' o
B'+m^e"
P - r
- 2IT
48 + W /&.IT
(3.74)
Where P^ is the reduced modulus load specified'by 
eq.(3.65) and B^ is an effective overall imperfection. 
This equation will describe the loading path if the 
effective cross-section remains constant. However, it 
will describe only a single point on the loading path 
if the effective cross section changes which is the 
usual case for the post buckling phase of loading.
In order to determine the effective cross section 
we have to consider the effect of local buckling of 
the widest plate. We have made assumptions that the 
joints between adjacent plates are pinned joints and 
the local buckling of the plate is not effected by the 
change of curvature due to overall buckling. These are 
equivalent to saying that the rotation moments along 
corners and the effect of changing in curvature of the 
plates due to overall buckling have negligible effect 
on the plates local buckling. The buckling of the 
plates is therefore only dependant upon their initial 
local imperfections and the stresses applied to 
them. This enableg us to uncouple the governing 
equations of the plates, therefore from eq.(3.28) 
we can write
89.
“ C^r..Aa a a
(3.75)
and
? e = aor C c c
(3.76)
Where t and t are the thickness of plate A a c
and C respectively to describe the local buckling 
on plates A and C respectively. However, the average 
stresses and are dependant upon the overall
effective stiffness of the column which itself depends 
upon the effective cross section.
If we consider the cross section of the column 
at the mid-length as shown in Fig. (3.16). The lost 
of effective width on plate A and plate C due to local 
buckling is denoted by b^ and b ^  respectively.
By applied eq.(3.59) we can specify both b^ and b ^  by
and
b -
b =
f ( w 5 [ f  ]:c.8
(3.77)
(3.78)
The distance of centroid from the centre line of the 
section S is
S = t^ct>-2^-bJ &-2ybjLa-tJ
2 (effective cross section area) (3.79)
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and
effective cross section area = 2 t, a+(b-2 t -b )t b b a a
+(b“2 t -b )t b c c
(3.80)
The effective second moment of area can then be 
expressed as
— n b t +ba a cT2 [i [b-2 t frb c cb/j 4  [' ■J b~2t “b I t fa-t +2S b al a I a u_ u
-12
(3.81)
As we can see from eq.(3.77) and eq.(3.78) the lost 
of effective width of the plates is dependant on 
the amplitude of the local out-of-plane deflection.
Consider the stress distribution across the 
section at the midlength as shown in F i g . ( 3 . 1 7  )
As we assume that no local buckling taking place on 
the side plates and plane section remains plane, 
the stress distributions across the side plates has 
to be linear.The total forces due to this distribution 
across the section must equal the applied load P, that 
i s
P = - a,A A  -1
L-“crA ^
ro C -r (3.82)
As the same time, the moment due to this stress 
distribution will be balanced by the moment due to 
loading to ensure the equilibrium state. Therefore we 
must have
91
cr max. ACTA
(J max.C
crc
F i g . 3 17 Stress d is t r ib u t io n .
92 .
p|B+eJ + ^  + M S(t,a+bt )h- D a
abt t, a“
— ^ - - r
^ S “ crà
r o. A -
—  - 1+  
% r A  ^ ■
+ ag ^Ktya+bc^)-
abt t, a
=-S. +
3-!
(3.83)
r- a
-  f•^ crC ^ (s-f)
Since the bending moment is a function of x,a distance 
along the column the average stresses in the widest 
plate are also varied along the length of the column. 
If we consider the cross section of the column at one 
end of a column (due to symmetry the other end will 
be identical), we have the equations governing the 
resultant of forces and moments in the form
P = aAx
+acx
(b“2t )t +2at b a b
(b-2t )t +2at, b*^ c b
+at, a . b erAx
^^^b^crCx
-  0Ax -  1+
L 
r 0
crAx
C -T 
----crCx X
and
P(BSin —  +e^) ' • = ^Ax S (t, a+bt ) + X b a
-abt t, a“n a b
2 6
. “e + *Cb°crA ^ !A ï  -  U  ^crA X
cx Sx (tta+btc)
r abt t. a'^  + _A_
(3.84)
(3.85)
+ atb^crC i~ 0 C 1- i + fcrC X <«K -  f )
Where the subscript X on A,C and S denotes the 
cross section at distance X from the end.
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Since the effective stiffness varies along the 
column axial, the reduced modulus load of any given 
section is also varied. It is reasonable to use the 
average values of effective second moment of area, 
that is.
ave
nE
n= 1 n
Where n = 1,2,
(3.86)
to calculate the average reduced modulus load 
which is
2 * ir El ave (3.87)
Therefore eq.(3.74) has to be modified to 
read
P =
B'-B'o
2B +TT e
Z
- 1e • n
B V  IT -
2 ^
e" e* n=l n
The eq.(3.88) above is the governing equation 
of the overall buckling process.
Having established these relationships 
we are now in position to construct the loading 
paths. This procedure will be described in the 
next section.
(3.88)
(3.89)
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3.4.3 Numerical Procedure
In order to obtain the equilibrium path, the
average value of the effective second moment of 
*area I ave at the initial state (zero load) has 
to be calculated by using eq.(3.77) to eq.(3.81) 
and e q . (3.86) .
Then both and e can be obtained by using eq.(3.87) 
and eq.(3.89). To load the system, first all of the 
loads apart from axial Load P have to be divided 
into small increments. The first increment of 
every load is then applied to the system using 
eq.(3.88)) with P is set to zero.
The centre deflection B' is calculated. With this 
value of B ’ the average stresses at the centre of the 
column can be found by solving eq.(3.82) and eq.(3.83) 
simultaneously. Using these values of and
the out-of- plane deflections at the centre section 
are calculated by solving eq.(3.75) and eq.(3.76).
After the out-of-plane deflections are known the 
effective moment of inertia of centre section can be 
found. By using eq.(3.84) and eq.(3.85) the average 
stresses at any particular section can be calculated 
and the I of the sections can be obtained by 
following the same procedure as in the case of 
the centre section. The new value of I ave and Pr
are then calculated. The next increment of loading is 
then applied and the procedure repeated until total 
amount of the loading is applied. The centre deflection 
and out-of-plane deflections are known at the end of 
this stage.
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In the next stage the axial load P is applied.
However, instead of a p p lyi ng P incremently „the small
increment of centre deflection is given to the system
by using eq.(3.88) and the corresponding axial load
P is determined. If we specify this stage as stage' — * — n then we now have P ,P ,I , e and Bn rn ave n* n on
which is the initial overall imperfection. By 
following the same procedure as before the new values 
of P ^ , etc. are obtained. Denoting the new values
by (n+1) then at the end of this stage we have P (n+1)* — , ^I (n+1) and e(n+l).As was discussed previously
in section (3.4.1) the shifting of e to e^^,iV inn V n T i y
effect modifies the initial overall imperfection 
to a new effective value. This effective imperfection 
has to be determined before the next increment of 
centre deflection can be applied. From eq.(3.88)
at stage n we have
rB' -B' -,onP = n
n r<5 jp - rn
[* " * H
(3.90)
where
and
P = n
48 + W(^)^TT
rB% -B'(n+l) o(n+l)
(n+1)
(%»
(3.91)
(3.92)
However at stage n we also have 
B '(n+1) (3.93)
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By equating eq.(3.90) to eq.(3.92) and using 
condition (3.91) and (3.93) the effective overall 
imperfection B^ (n + 1) be solved. After B^ \(n + l)
is known the small increment of centre deflections 
can be added and the whole process repeated until 
sufficient equilibrium path is constructed.
This procedure is described diagramatically in 
Fig. (3,18).
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4. STRUCTURAL MODELLING
4.1 ’General Remarks
The study of the dynamic response of a simple model 
under transient loading in Chapter 2 has demonstrated that 
it is necessary to construct equilibrium paths in the 
time domain; that is, the dynamic response of the 
model, before the dynamic stability of the model can 
be examined. In the simple case of the two link model, 
the dynamic response could be obtained directly by 
simply solving the equation of motion, in which the 
only unknowns were deflect ion,velocity and acceleration.
However, in the case of the thin wall column, it 
has been shown in Ch ap ter 3 that both the effective 
bending stiffness and the shifting of the effective 
eccentricity of the axial load are dependant upon the 
amplitude of local deformation. Under a certain 
transient response this amplitude may vary with time.
If this occurs, then we have the instantaneous values 
of the effective bending stiffness and the effective 
eccentricity as the additional unknowns to the 
response. Nevertheless these two additional unknowns 
can be eliminated from the equation of motion by the 
introduction of an equivalent modulus concept.
This concept and its intrinsic assumptions 
will be introduced and discussed in the following 
sections of this chapter.
4.2 Stiffness Functions
A study of the dynamic response of a simple model 
under transient loading in Ghapter 2 is confined only 
in the case where the bending stiffness of the model 
remains constant throughout the response history.
However, in reality many practical structures including 
the thin wall column exhibit a change of bending
9 9 .
stiffness during the transient response.
In order to illustrate the basic concept 
of how the change of bending stiffness can be 
handled numerically let us consider again the simple 
model, but this time for simplicity we will remove 
the torsion spring C and assume the bending stiffness 
of the spring. 'K can be described by
S = S(0,q) (4.1)
This modified model is shown in Fig,( 4.1) we will 
not be concerned at this time about the nature 
of the bending stiffness function S but we will 
assume here that this function is readily available. 
Since the bending stiffness is a function of deflection 
0 and transient load magnitude q both of which are time 
dependent, the bending stiffness in this case varies 
with t i m e , i.e.
dS(0,q)
dt (4.2)
However, if we express the rate of change of 
bending Stiffness in the form
d.S(0,q) ^ 95(0,q) 
dt ** 9 q
dq ^ 9 3 (0,q) d0 
dt 90 * dt (4.3)
and examine the right hand side of the above equation 
more closely we can see that the rate of change of the 
bending stiffness will be zero if the conditions
... . „ (4.4)
are satisfied. These conditions would provide a 
great simplification of any numerical analysis which 
is based on step-by-step procedure. Since it is 
reasonable to assume that there is no change in the
100
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Fig. 4 -1 Deflection under transient load.
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Fig. 4 -2  Load ing  h is to ry .
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magnitude of the transient load q(t) during small 
time interval, in other words the first condition 
satisfied for each small time interval.
The second condition is in fact a general 
condition for linearizing the non-linear static 
problem in a numerical analysis. The bending 
stiffness of the system can be assumed to be linear 
over a sufficiently small range of deflections. If 
the time interval is sufficiently small, the change 
of any deflection over this time interval should also 
be small and hence the bending stiffness over small 
time interval can be assumed to be constant.
However, the effect of the change of bending stiffness 
can be taken into account by adjusting the bending 
stiffness at the beginning and at the end of each 
time interval. In order to demonstrate of how this 
can be done. Let us assume that a simple step pulse, 
specified by
q ( t ) = Q for t tC‘
q(t) = 0  for t>t^ (^*5)
as shown in Fig. (4.2), is applied at the centre 
of mass m of the mod e L And let us assume further that 
the bending stiffness functions are readily available 
in the form
= S^(0,q) for t 4  tç 
= 8 2 (0 ,0 ) for t> t^
(4.6)
(4.7)
From eq,(2.37) Chapter 2 we can write the equation 
of motion in the form
0 ' w  - ■ 1 ’9 0 +m&- mil
8^(0,Q)0 =
m& Cos(0+0) [q]
and for t< t (4.8)
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4d 8 2 (0 ,0 ) 0 = 0  
for t > t
(4.9)
The first equation governs the response during 
transient loading and the second governs the response 
during free vibration.
From this example we can see that the change
of bending stiffness can be taken into account by
replacing the equation of motion at the appropriate
time, in this case at t s» t , and using the finalc •condition of the first equation as the initial 
condition of the second equation.
In general, a transient load may not be a 
simple step pulse as it has been assumed here but the 
same principle can be applied. No matter how complex 
the transient load is, it is always possible to 
treat a complex transient load as the combination of 
impulses with different magnitudes for each time 
interval. The transient response can then be calculated 
by replacing the equation of motion for every time 
i n t er val.
However, it must be mentioned that here we 
have assumed that the bending stiffness function 
are readily available, in practice these functions 
may not readily be available and have to be determined 
before the equation of motion can be solved.
4.3 Equivalent Modulus
In the previous section we have discussed the method 
of taking into account the change of bending stiffness 
in the numerical analysis by means of replacing the 
equation of motion for each time interval. This 
method, however, is based on the determination of the 
bending stiffness function for each time interval.
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In this section we will study in more detail the 
concept which will assist us to de termine the
bending stiffness function of a thin wall column.
Let us consider a lateral vibration of a 
column with simple supports.The general expression 
of the L a g r a n g e ’s equation for the free vibration is
p&B- ^ EItt 1-4 B = 0 (4.10)2EItt
where
p = mass/unit length 
P = axial load 
I  -  length
I = moment of inertia of the section
B = centre deflection
B * ’= d^B/dt^
E = modulus of elasticity
Suppose we introduce the force function q (t )
applied at the mid length of the column. The equation 
of motion for the transient response becomes
P^B- * + 4 B = q(t) (4.11)EIw'
However, in the above equation there is no 
restriction of E to be constant.If we assume that 
the modulus of elasticity is not constant but is a 
function of an undetermined parameter y .
Then we have
Modulus = E( y ) (4.12)
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The generality of equation (4.12) is still hold 
as long as the parameter y i s not time t or any time 
dérivâtes. If we substitute eq.(4,12) into eq.(4.11) 
we get
ECy )Iit
22^
1 -
2 -t
li = q(t) (4.13)
E(y )Itt'
Obviously the transient response is dependant upon 
the fuction E(y). For E(y) = E, equation (4.13) above 
describes the transient response of a linear elastic 
column. It is noticeable that the coefficient of B 
is in fact the bending stiffness, therefore we have
S = E(y) iTT'2r 1 -
p& (4.14)E(y) Itt
Since during the transient response all parameters 
excluding function E(y) are constant, the change of 
bending stiffness S must depend upon E(y). By virtue 
of equation (4.14) the problem of determining 
the bending stiffness function S is now replaced by 
the problem of determination of E(y).
Since there is no restriction of how the 
function E(y) can be specified as long as it does 
not contain t or the derivative of t, it is possible 
to arrange E(y) to give a specific response. Suppose 
we are able to adjust E(y) to yield the specific 
response of a particular column say col.umn A. Then this 
particular function will be referred to as the 
equivalent modulus function of column A.
For any thin wall column, if its equivalent 
modulus function can be found, the bending stiffness 
and consequently the transient response can be 
subsequently determined. However, before we make any 
attempt to determine E(y) of a thin wall column, it 
is necessary to introduce some basic assumption and 
investigate the general behaviour of a column in more 
d e t a i l .
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4.4 Basic Assumptions
In order to simplify the numerical process the 
necessary assumptions have to be made. They are as 
foilows
(a) The transient response is dominated by the 
buckling mode,Chat is the mode corresponding 
to the lowest critical load. The effect of all 
higher modes are small and.can be neglected.
This assumption is based on the fact that 
modes of deformation which dominate the transient 
response are the ones which respond most quickly 
to the load. Since one area of interest is in 
the vicinity of critical load at which the 
buckling mode dominates, this assumption is 
justified.
(b) The effect of the propagation of strain waves, 
i.e. the effect of elastic wave due to the 
transient load, is neglected.
In the case of lateral impact a study by 
P.E. Dunez et a l ' ' ' has shown that strain is 
not propagated at constant velocity along column 
as in the case of longitudinal impacts on a rod.
In fact the strain depends on the ratio between 
the square of the distance from the point of 
impact and the time. However, if the transient load 
is small in comparison with the axial load then 
the magnitude of local strain due to transient load 
will be small in comparison of strain due to 
axial load and deformation, The presence of 
material damping is usually sufficient to damp 
out this propogation within first few milliseconds.
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(c) There is a one-to-one correspondence between 
the local deformation and the overall deform­
ation during the transient response.
This assumption implies that for a given 
overall deformation there will be only one 
corresponding local deformation under a 
particular loading condition.
(d) The kinetic energy associated with local 
deformation is small in comparison with 
the kinetic energy of the overall mode and 
will be neglected.
(e) The material remains within the elastic 
range, no plastic deformation occurs at 
any part of column during vibration prior 
to loss of stability.
4.5 Equivalent Modulus of Thin Wall Column
In this section we will try to determine the 
equivalent modulus function E (y) of a thin wall 
column. Let us consider a vibration of a thin wall 
column under constant lateral load Q. In addition 
to Q;, let us consider that the column is also subject 
to an axial load and end moment. Suppose the loads 
are not sufficient to destabilize the column but 
allow the column to oscillate. By virtue of assumption 
a, this vibration is dominated by the buckling mode; 
that is, at any instantaneous time the overall 
deformation along the length of the column can be 
described by
w = (B-B^)Sin ÏÏX (4.15)
When w is deflection at any point along the length 
of column.
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B is deflection at mid length
B^ is the deflection at mid length at which the 
vibration occurs around see F i g ,(4.3(b) ) .
If we assume that the damping force involved is 
small and can be neglected, then the dynamic force 
involved in this case is only the inertia force.
By applying D ’Alembert'a principle this dynamic 
force can be reduced to an equivalent static force 
as shown in F i g . (4.4). The distribution of this 
force along the length of column can be specified 
by
F. = W Sin—  (4.16)1 &
When F^ is the inertia force at any point along the 
c olumn
W is the maximum inertia force at the mid 
length
Since the effect of the elastic wave can be neglected 
as stated in the assumption b, we can treat the 
inertia force as a static force and can use the 
numerical procedure outlined in Chapter 3 to construct 
the relationship between W and B. As shown in Fig. (4.3(a))
In practice the construction of this curve is 
done by choosing values of B and then calculated the 
corresponding value of W necessary to hold the column 
at the chosen deflection B.
The significance of this curve is that it 
specifies the dynamic equilibrium path. During the 
dynamic response the system will follow this path, 
the section of the path at which the system actually 
follows is determined by the magnitude of the inertia 
force involved (i.e. the section bac as shown in 
F i g . (4.3(a)) .
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Fig. 4 -3  Effect of inertia force on the transient response.
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If we turn our attention on the problem 
of determination of the Equivalent Modulus function 
E( y ) of a thin column, it is evident that unless 
we can find a particular function E(y)that yields 
an identical dynamic equilibrium path for a 
certain loading condition, the solution of the 
equation of motion of the form eq.(4.13) will not 
represent the response of the actual column.
Let us again consider a hinged ended column, 
this time we will assume that the column has an 
initial overall imperfection and the eccentricity
of axial load e If this column is subjected to
an axial load P, lateral load Q, end moment
and the lateral distributed load Wsin-~, the&equilibrium of this column can be described by a
simple beam-column theory as 
P =
rB-Bo t t ^ E I 1 tt^ L Q
2 e  B + T T  ,Oi B + t t^ ^ o 48-  8 - 8 L
2 
TT M
* w(-)2
TT (4.17)
If we replace E by the function E(y) in the 
above equation and rearrange, we obtain
2
E(y ) = P&
7 ^
rB+ÿ e r^ « 28 o + A- 1B-B B-Bo TT I __ o 48 8
+W(~/ J (4.18)
This equation still describes a static equilibrium 
path. However if W in the above equation is not 
an actual static load but the equivalent static 
load of inertia force i.e. following D'Alembert's 
approach in'-this case eq. (4.18) is in fact a ne specified 
dynamic equilibrium path.
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Suppose we are interested in the response of 
the thin wall column which has an initial axial 
load near its critical and subjected to a transient 
load applied laterally at the mid length of the 
column. Assume that the initial state before the
transient load is applied is at a as shown in
F i g . (4 ,5 ). When subject to transient load the column 
will respond by deflecting along path A - B .
In order to simplify the problem at this stage 
we assume that the transient load applied is a pulse 
of the form as shown dn Fig. (4 ,6.). Consider the
first interval t^^t<t^, d_uring this interval
the column is subject to the load of magnitude .
If we treat this load as a static load and use the 
numerical procedure previously outlined we can construct 
a dynamic equilibrium path for load i.e. a curve
similar to Fig .(4.3(a)). From this curve the relation­
ship between inertia force W and deflection B is 
o b t a i n e d .
If we then substitute both W and its corresponding 
B from this curve into eq.(4.18),we can calculate 
the equivalent modulus of this state. By repeating 
the same procedure to the different states, a curve 
of the relationship between equivalent modulus and the 
deflection B or the inertia force W can be constructed. 
That is, we have found E(B) or E(W). In practice it is 
more useful to write the equivalent modulus as the 
function of B than as the function of W, because we are 
more interested in the response of the system. By 
using a curve fitting technique this relationship can be 
described by the equation of the form.
E^(B) = a^+b^B + C^B^+d^B^+ ... (4.19)
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Fig. 4 -6  Linear approximation of the loading h istory.
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Where a,b,c are constants which have to be determined 
by curve fitting method, and the subscript 1 denotes 
the values have been calculated for the case Q^.
The column will have the equivalent modulus 
as specified by eq.(4.19) as long as the magnitude 
of the transient load remains Q^. However, in this 
particular example after the time t ^ , the magnitude 
of the transient load is suddenly increased to 
and remains at this value until t ^ . At time t ^ , when 
the load is suddenly changed from to the system
will jump to a different dynamic equilibrium path. 
Because at this instantaneous time(t^) the change 
of deflection cannot take place instantaneously therefore 
a sudden change of load Q will have to be compensated 
by the sudden change of inertia force. Since after 
t ^  the system is on a different equilibrium path 
therefore it is necessary to determine the new 
effective modulus function. By following the same 
procedure as in the case where the magnitude of 
transient response was Q^, we can determine the new 
function, for the case that is
E^CB) = a^+b^B + , (4.20)
As we have seen, the effective modulus function may 
change its value as soon as the magnitude of the 
lateral load Q changes. Therefore it is better to 
express this function in a more general form as
E^(B) = a^+b^B+c^B^+d^B^+ ... (4.21)
Where the subscript i denotes the calculation
under the lateral load
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For the particular pulse we have assumed, we 
need to determine (B),E 2 ( B ) ( B )  and also 
Eg(B) since after t ^  the magnitude of Q is zero.
With this set of E^(B) all possible dynamic equilibrium 
paths can be represented and the simple form of 
equations of motion can be used to describe the 
transient response of the system by specifying 
a certain E^(B) at a certain time.
As was mentioned earlier, the change of the 
bending stiffness of thin wall column is the result 
of changing the local deformation amplitude, and 
hence the change of E^(B). In the region where 
there is no change of the amplitude of local 
deformation the E^(B) remains constant. Therefore it 
is not necessary to recalculate the E^(B) if there 
is no change of local deformation amplitude, 
irrespective of the change of magnitude Q.
115 .
5. DYNAMIC ANALYSIS
5.1 General Remarks
With a view to verifying the accuracy of the theory^ 
it is necessary to compare the result of the theory 
with the corresponding results obtained from exper- 
ments. In the case of the transient response of the 
thin wall column, in order to prove the theory it is 
necessary to simulate in. the test equipment the end 
conditions assumed in the theory. However, this 
requirement adds extra mass into the system. Since 
the inertia forces are intrinsic to the dynamic 
response, it is important to take them into account 
i.e. we must include all the inertia forces involved 
in the experiment.
In the present study, testing conditions are 
such that the ratio of the specimen mass and the 
mass of the moving part of the test rig are in ratio of 
approximately 1:100 or even higher. Therefore in this 
chapter the development of the governing equations 
for the transient response of the thin wall column 
will include the effect of inertia masses of the 
particular test rig. However, the general solution 
of the test column alone can be obtained if all 
of the inertia masses due to the test rig are set to 
zero .
To simplify the equations of motion, the 
equivalent modulus concept outlined in Chapter 4 will 
be applied here.
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5.2 Governing Equation
In order to simplify the equation of motion, we have 
to assume that all five basic assumptions introduced 
in Chapter 4 hold. In the actual transient response 
there is a possibility that there is no normal mode 
of response between local and overall deformation under 
certain loading conditions. However, if our interest 
is confined in the case of the response near the 
critical load, it is possible to assume that the 
response of local deformation and the overall 
deformation will have the same frequency. This 
assumption can be seen as the extension of the 
one-to-one correspondence between local and overall 
deformation which is implicit in the time domain 
analysis. With this additional assumption, let us 
consider the thin wall column under the test 
c o n d i t i o n s .
The detail of the test rig and the testing 
procedure will be described in full detail in the 
next chapter. However, it can be simplified as 
shown diagrammatically in F i g .(5.1(a)). Since the 
loading arm (see Fig. (5.2) ) has been balanced before
loading, the centre of gravity of the arm is at the 
pivot point which has no vertical displacement when 
the arm swings. Suppose now that dead weights are 
placed on both pins to provide an axial load closed 
to the critical load, further let us assume that 
under this load the column has an overall deformation 
B ^ . If we then suddenly apply a lateral load Q at 
the raid length of column by mean of small weight w^ 
the transient response of the column can be specified 
by a centre deflection B at an instantaneous time.
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In order to form L a g r a n g e ’s equation of motion 
we have to obtain the total kinetic energy, the total 
potential energy and the dissipation function of the 
system.
If we let a specify the rotation of the column 
F i g . (5.1(a)) at the ends, measured from the initial 
state, then we have
a = (B-B^) for small a (5.1)
The rotation of the loading arm measured from the 
initial state 0 can be expressed as
^ = 4lL- (5.2)
Where is the length of the loading arm 
With the arm rotation defined by 0, the vertical 
movement of the dead weight at pin A and PinlB will 
be
2
(5.3)B ^ - B .  ^1
TT
4&
^b " 4 4&
(5.4)
respectively. The kinetic energy of the moving 
parts of the rig can be written as
K.E of loading arm = ■- (0*)^
K.E of two end supports = 2 ■  It2 end
(o')2 J
(5.5)
(5.6)
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1 2 1 2 K.E of dead weight = y  —  (Y^') + ^  ') (5.7)
where J = the rotational moment.of inertia of armarm
Jend “ the rotational moment of inertia of the 
end supports both upper and lower
= dead weight on pin A
Wg = dead weight on pin B
g = gravitational constant
The kinetic energy of the column can be obtained 
if we let p specify the mass/unit length of the 
column and consider the velocity of any point along 
the axial direction of the column which can be 
written as
Velocity = B ' Sin ^  (5.8)
From this velocity and mass/unit length the kinetic 
energy can be expressed as
K.E of column = ^  
o
(B'Sin dx (5.9)
- p |  &'] (5.10)
Since the loading collar, see F i g . (5.3), is moving 
with the column during the transient response, its 
kinetic energy is
W
K.E of loading collar = E  ~~ f®*].-12 (5.11)
Where W^ is the total weight of the load collar.
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Fig.(5.3) Collar attached to the column
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It is obvious that the weight W^see F i g . (5.4), which 
provides the lateral force will have to move relative 
to the column depending upon the stiffness of the 
loading line. Let us assume that the overall stiffness 
of the loading line is Ic and the vertical displacement 
of the weight is Y^,see F i g .( 5.5(b)) .During the 
period before this weight has been cut off it will 
contribute to the kinetic energy to the system 
by the amount
2K.E of the weight g w (5.12)
Therefore we have the total K.E of the system
2 2 g
(5.13)
By using expression (5.1) to (5.4), the total K.E
can be written in the terra of B-* and Y* asw
Total K.E = ^  [B‘] + 1  J2 arm 2B'a
+2
2 g
| \ f
h2
(5.14)
After we have determined the total kinetic energy of 
the system we will turn our attention to the 
dissipation of energy. In general, a study of shock 
excitation in engineering application usually neglects 
the effect of damping since the largest excitation occurs 
within the first few cycles of the transient and the 
error introduced by neglecting damping tends to 
provide a margin of safety.
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However, in the present study, the result of 
a primary test has suggested that the damping forcé 
involved under the testing conditions is in the same 
order of magnitude of the transient load. Therefore, 
the effect of the damping force must be included in 
this present study. Damping is a complex phenomena 
and, in general, the effect of damping is non-linear. 
In our case the possible damping forces involved 
include the hysteretic damping of the column material, 
frictional damping in all bearings and the damping 
due to air resistance. All of these damping forces 
are difficult to determine individually: furthermore, 
the superposition of different types of damping in a 
calculation may not always give reliable results due 
to the coupling of various non linear effects.
In order to overcome this problem and at the 
same time simplify the mathematic model an equivalent 
viscous damping coefficient will be used here. This 
coefficient can be easily obtained experimentally 
(see Chapter 7). If we denote the equivalent viscous 
damping coefficient by C. The dissipation function 
of our system can be given as
D = E  c [b ‘] (5,15)
The potential energy associated with the weight is 
given as
P..E of weight W = ~  k.(Y -2B)^ - W Y (5,16)s  ^ w s w
Now if we applied the concept of equivalent 
modulus E(B) to the column, from the Chapter 3 and 
4, we have
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^ ( P.E of column) = E E(B)n^I-P&2 B-Bo
2 - 2t2L (5.17)
Where P.E of column = Strain energy of column
+ work done due to loads 
P = axial load = 0.5W^ + 0.75 W^ (5.18)
From the total K.E, dissipation function and 
potential energy obtained we can write Lagrange's 
equations of motion as
Y  PA(B ' ' )  + (t - 4 .  ^ )4 2 arm ^2 end g
B* * + C B* + j E(B)tt^ I -P&2
B-B 1
- 2 2n & M. 2 _
+ 2K [2B - Y 1 = 0W  -L (5.19)
and
(5.20)
These two equations can be simplied to read
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B ' " + y  p &B'' +
8 J + (9 W_+5W*)64rg ^ B B*‘+ CB
E(B) TT^ I - P&2 B-B
+ (»o+ V  % )  B"'
+ 2K [2B - y J[ = 0 (5.21)
and
W
—^  Y * * + K Y  - 2k B - W = 0  g w w s (5.22)
where
J = 1 TT J + J
^ s.^a
for t ^ t
(5.23)
where is the time at which the weight is cut off.
After the weight W is cut off that is t>ts c
the equation of motion is reduced to only one 
equation of the form
^  B'•+ 1  p&B'* + J+
4 E(B)tt I - P&64& g 2
r- B "  + CB*
B-B
1 2 IT
1-2 2^  M 2 J  2
, - - - 8 ^ +  Ü»o+ %- *o) P* ^3 = 0 (5.24)
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Equation of motion (5 .21), together with eq.(5.22) , 
describes the response of the column up to the time 
when the transient load is removed. After the 
removing of the transient load the response will be 
governed by eq. (5.24).
However, the equations of motion, (5.21) to 
(5.24),can only be justified in the case where 
the clearances of the ball hearings^ especially the 
ball bearings of the upper end support, are zero 
and the stiffness of these ball bearings are 
infinite. In practice there is always some clearance 
in such bearings and the stiffness of the bearings 
is not actually infinite. If we assume that the 
clearance in the bearings is sufficient to allow 
the column to vibrate with small amplitude without 
any loading arm movement, it is obvious that the 
inertia of the loading arm and the dead weights 
on it will have negligible effect on the transient 
response of column. In this case the equations of 
motion (5.21) to (5.24) will be reduced to
Wc B J+ Y B* ' + 1 E(B)tt^ I - B-B
+ 2K
^  + CB*
A
2B-Yw =  0 
(5.25)
(5.26)
for t t
where J is redefined as 2 tt end
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W
and
c B' • + 2 i.p A
2 “rlT AM
r  + T  % )  p^ '- A'
B-B
=  0
—— + CB
(5.27)
respectively. The validity of this assumption 
can be easily verified by monitoring the change 
of frequency of free vibration with respect to 
the change of the total mass of the loading 
arm under the control loading conditions. If the 
change of frequency is small in comparison with the 
change of the total mass of the arm, then this 
assumption is justified.
To reduce the degrees of freedom and hence the 
number of equations of motion an additional assumption 
can be made. That is, under the test conditions 
there is no extension occurring in the loading 
1i n e , i.e.
Y = 2B w (5.28)
With this condition the equations of motion (5.25) 
and (5.26) reduce to one equation of the form
|J+ Y  pA B 2E(B) tt I- PA
r ïï^AM 2
CB
1 2
\  - 2W = 0  (5.29)
A-^ ®
The term 2-W^ represents the transient load applied 
to the column by means of small dead weight and pulleys 
arrangement. This term can be expressed in a more 
general form as .
transient load = Q(t) (5.30)
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By using the expression (5,30) above we can 
rewrite the eq.(5.29) in more general form as
2
E(B) J-Bo 4 +  CB
2Dr AM 2 ;7
r -  +
^  - A
2
~  - Q(t) = 0 (5.31)
A
Since the equivalent modulus function E(B) is a
non linear function, the transient response of column
can be solved only by a numerical method.
However, the accuracy of the theory is dependent 
upon the accuracy of the assumption under the test 
conditions. The problem of interaction of the 
dynamic response of the column and the test rig 
might occur. To allow for the possibility of this 
interaction we can further assume that the rotation 
of both end supports do not necessary coincide with 
the ends rotation of the column. With this additional 
assumption the rotation of the end supports can 
be expressed as
a =y Y  (B-B^) (5.32)
Where y is; constant. For y = 1 this rotation at the 
end of the column is coincident with (the'rotation 
of the end support.
The equation of motion (5.31) can now be 
rewritten to read
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W c B + yj + pA B* * + CB* + Ÿ E(B)Tr^ I-PA^
- I
2
^  ir^AM 2
--8-^+ nfo) p*'
r 2\  - Q(t) = 0 
A~
(5.33)
In the situation of free vibrations, i.e. Q(t) = 0, 
and small axial load P, the function E(B) can be 
approximated; by a constant and the equations of 
motion (5.33) becomes linear equation of the form
“ eq^ * ’ + CB * +lc B = D eq (5.34)
where
1 W®gq = yJ + jpA __c
eq E(B) tt^ I - PA^
T 2IT
••I A'
E(B) tt^I - pA^
- A3 So
pTT^ AM8-^  + (So+5-=o)Pt' (5.35)
From equation (5.34) the angular velocity of free 
vibrations and the rate of the decay of amplitude 
can be obtained in the form
m - (eq 2m (5.36)eq
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and
rate of decay = - ( ^ — ) (5.37)
in which both angular velocity and the rate of decay 
can be obtained by direct experimental evidence from 
free vibrations.
5.3 Response to Impulsive Loads
In Section 5.2 we derived the governing equations 
of the transient response, in general, of a thin 
walled column under the test conditions relevant to 
this study. Since these equations are non-linear 
differential equations which have no known general 
solution, little can be said about the response of 
the column before these equations are solved 
numerically.
However, in order to assist the understanding 
of this complex response some aspect of the general 
nature of the response to impulsive load of a linear 
single degree of freedom will be described here.
In general .an' impulsive load is a load 
which has a short duration compared with the 
natural period of the system on which it is acting. 
Since the load is applied to the system for a 
very short duration, the maximum response to an 
impulsive load will normally be reached in a very
132
short time, before the damping force can) ab s orb 
much energy from the system. For this reason most 
of the study of the response to impulsive loads 
has usually neglected the effect of damping.
Since the maximum response produced by the 
impulsive load rather than the complete history 
of the response is of most interest to the structural 
engineer, the effect of the shock load is usually 
described by ady na mic magnification factor,D, which
is defined by
Q = dynamic response___________________  . .
static response of the same load
For most of the impulsive loads the maximum dynamic
magnification factor D are usually betweenmax
1 to 2 dependent upon the shape of the impulsive 
loads. F i g . (5.5) shows the relationship 
between factor D and pulse duration for three common 
pulses i.e. step pulse, triangular pulse, and 
half sine-wave pulse applied to a linear system.
These types of curve are known as response spectra. 
From this figure we can see that the shape of the 
pulse is very important; in the case of the half sine- 
wave pulse, if the pulse duration (t/period) is 
longer than two, we have D<1.25 which implies that the
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effect of the impulse is low. On the other hand 
in the case of the step pulse, any pulse which has a 
pulse duration longer than 1/2 will have D=2 that 
is,the effect of impulse is twice that of the 
equivalent static loading.
From the response spectra, two general 
conclusions may be drawn concerning the response of 
structures to impulsive loading.
a) For long duration loading for example t/period>1, 
the dynamic magnification factor depends 
principally on the rate of increase .of the
load to its maximum value. A step loading of 
sufficient duration produces a magnification 
factor of 2, a very gradual increase causes a 
magnification factor of 1.
b) For short duration loads, for example t/period 
<1/4, the maximum displacement amplitude 
depends principally upon the magnitude of the 
applied impulse and is not strongly influenced 
by the type (shape of impulse) of loading 
impulse. The dynamic magnification factor
D,however, is quite dependent upon the type 
of loading because it is proportional to the 
ratio of impulse area to the peak load amplitude.
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5.4 Analysis Procedure
In the case of a non linear system in which the 
properties of the system vary during the response, 
the analysis has to adopt a step-by-step solution 
procedure. In this approach, the response is evaluated 
for a series of short time increments At, generally 
taken of equal length for computational convenience.
The condition of dynamic equilibrium is established 
at the beginning and end of each interval, and the 
motion of the system during the time increment 
is evaluated approximately on the basis of an assumed 
response mechanism (generally ignoring the lack of 
equilibrium which may develop during the interval) .
The non linear nature of the system is taken into 
account by calculating new properties appropriate 
to the current deformed state at the beginning of each 
time increment. The complete response is obtained 
by using the velocity and deplacement computed 
at the end of one computational interval as the 
initial conditions for the next interval. Thus the 
process may be continued step-by-step from the 
initiations of loading to any desired time, 
approximating the non linear behaviour as a sequence 
of successively changing linear systems.
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Many procedures are available for the step-by- 
step finite difference numerical computation. In 
the present study the Runge-Kutta method is used 
since it is self-starting and has good accuracy.
A brief discussion of this method is present 
in the following section.
5.4.1 Runge-Kutta Method
In the Runge-Kutta method the second order
differential equation is first reduced to the first 
order equation. For example, suppose we have the 
second order differential equation which may be 
written as
X *  ■ = f ( x , x * ,t) (5 .39)
2 2where x ' = dx/dt and x"'= d x/dt
By letting x ' = y , the above equation can be
reduced to the following two first-order equations
^ (5.40)
y ' = f(x,y,t)
Both X and y in the neighbourhood of x^ and y ^
can be expressed in the terms of a Taylor series.
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Letting the time increment be h = At
,  = ( g ) .  h .  ( ^ ) .  ÿ  +
at
y - ^  * (Mh Tat
(5.41)
Instead of using these expressions directly, it is 
possible to replace the first derivative by an 
average slope and ignore the higher order derivatives 
If this is to be done, we have
ave
y = V  have
(5.42)
If we use S i m p s o n ’s rule, the average slope in the 
interval h becomes
ave
2
43)
In Runge-Kutta method the centre term of the above 
equation is divided into two terras; therefore we 
have
*i+l = 5 dx
2 2 (5.44)
2 2
The recurrence eq.(5.44) can be applied repeatedly 
until a sufficient response history is obtained.
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Although the Runge-Kutta method does not 
require the evaluation of the derivatives beyond 
the first-, its high accuracy is achieved by four 
evaluations of the first derivative.
5.4.2 Numerical Procedure
The numerical procedure for constructing the response 
history of thin wall column under impulsive load 
in the present study can be considered in three 
s t a g e s ,
a) The determination of initial state; in this 
stage all of the loads except the transient 
load are applied to the column. The static 
equations and the procedure described in 
Chapter 3 are used to determine the intitial 
state. It must be pointed out here that 
the initial state referred to is the state 
prior to the application of the t r a n s i e n t ,load 
and is not the zero load state.
b) The determination of the equivalent modulus 
function E(B); after the initial state is 
evaluated a set of functions E(B) is determined 
by following the procedure described in Chapter 4.
The range of functions E(B) must cover the 
range of transient load which will be applied.
c) Construct the time domain response. The 
Runge-Kutta method is employed to solve 
the set of governing equations. The transient 
load Q(t) is imput discretely. For a step 
pulse the rising and falling time of the pulse 
are limited by the time interval At specified j
in Runge-Kutta process. .|
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6. INSTRUMENTS AND TEST RIG
6.1 General Remarks
After the development of the theory, it is necessary 
to prove the accuracy of some basic assumptions and 
the theory itself. In order to test the theory 
the experimental procedure was defined. In this 
chapter all of the hardware required in the testing 
is described. Broadly speaking the equipment 
involved can be divided into two groups.
In the first group are the specimen or models, 
test rig and loading mechanism.
In the second group is the equipment used 
to monitor and to obtain the information from 
the testing. This comprises principally instruments 
such as displacement,transducer,accelerometer,etc.
In the following section all of the equipment 
is described in more detail. In the case of the 
apparatus which was designed and built specially 
for this test programme, the basic concept of the 
design and requirement will also be discussed.
The digital signal processing package 
which is software, will also be included here 
in the view that it forms an essential part of 
experimental monitoring.
6.2 Model Fabrication and Description
The models were made from Araldite CT200 
as a resin with the addition of Hardner HT 901 
( Phtholic anhydride) in proportion by weight of 
4 resin to 1 hardner.
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The resin was heated to a temperature of 120*^C 
until it became liquid, also the hardner was heated 
separately to a melting state. The constituents 
then in liquid form were mixed,stirred,filtered, and 
reheated to about 120°C, finally cast between two 
aluminium plates as shown in F i g s . (6.1-6.2). The 
resulting sheet was subsequently heated in an oven 
to a temperature of 110°C for a period of sixteen 
hours for annealing purposes; thus the Araldite sheets 
were p r o d u c e d ,having a thickness of about 1.5mm*
To construct the box section model, the sheets 
were machined to the required dimensions, and four 
sheets were bonded together by an Araldite adhesive 
to form a hollow rectangular tube of overall dimension 
13 X 60 X 890mm. Two solid pieces of 50mm length 
of Araldite were then inserted and bonded to the 
tube to form short solid bars, at both ends of the 
tube see F i g . (6.1). This reduced the hollow section 
length of the model to 880mm.
After fabrication the models were further stress 
relieved by heating the model to a temperature of 85°C 
for 2 hours and then allowed to cool down slowly.
Five models were made which have the dimensions 
shown in Tables (6.1 - 6.5). The dimensions listed 
in those tables were chosen in order to obtain the 
ratio between the overall or Euler critical load 
and the minimum local critical load P^ in the range close 
to one, i.e. P^/P^ ~ 1. By further varying the wall 
thickness, there is the possibility of mode interaction.
The overall buckling load was calculated using
2 2the Euler equation P^ =  it EI/& (6.1)
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Fig.(6.1) Araldite Plate Mould Close and Test Model
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Fig.(6.2) Araldite Plate Mould Open and Test Model
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Where& = Length of column
I = Second moment of area 
E = Modulus of elasticity
The minimum critical load was calculated 
using expression
(6.2)
where
D = The flexural rigidity of the plate 
a = Overall breadth 
b = Overall width
The coefficient k to set to 4, this is equivalent 
to assuming that the widest flat side acts as 
a simply supported rectangular plate under a 
compressive load. This value should yield a 
minimum critical load. Tables (6.1-6.5) summarizes 
the design geometric properties and the estimated 
critical load of the model.
2The modulus of elasticity of 3500N/mm 
(see Table (6.6) and Fig. (6.3))was obtained from 
a tensiIp test on Araldite specimen(see F i g . 6,4). 
TThis value together with the P o i s s o n ’s ratio of 
0.35 were used in calculations of the critical load
COLUMN 0
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POSITION
mm "A(mm)
tc
(mm)
DETAIL
0
1 . 79 1 .79
880
Breadth = 13mm 
^ =880mm
Width = 6 0mm 
Weight =3 47gm
E = 3500.00 
P^= 314.984 N
P^= 2905. 133
Ave t^ = 1.7 9 mm
Ave t ^  = 1.7 9 mm
I = 7 05 5 mm  ^
TABLE (6.1) Detail dimensions of column N o .0
COLUMN 1
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POSITION
mm
A
(mm)
tc
(mm)
DETAIL
0 0 .760 0 .705
111 0 .776 0 .739
184 0 . 800 0 .744
257 0.819 0 .748
330 0.811 0.772
403 0.803 0 .750
476 0 .798 0 .755
549 0 .820 0.751
622 0 . 815 0 . 743
695 0 . 829 0.736
768 0.811 0 .731
880 0 .790 0.734
Breadth = 13mm
Width = 60mm
Z = 8 80mm
Weight = 224 . 7gm
E = 3500.00.
P = 165 . 739 N o
P = 235.292 NZ
Ave t^ = 0,808mm
Ave t = 0 . 75 7mm c /I = 3707 mm
Note: the average values
of t^ and t given 
here are noE the 
overall average but 
the average over 
the mid span 
section.
TABLE (6.2) Detail dimensions of column No.l
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COLUMN 2
POSITION
mm
0 
1 10 
220 
330 
440 
550 
660 
770 
880
A
(mm)
0.83 
0 . 84 
0 .82 
0 .78 
0 .78 
0 .78 
0.83 
0.87 
0.85
c
(ram)
0.84 
0.89 
0 . 85 
0 . 86 
0 . 82 
0.84 
0.87 
0 . 80 
0 . 80
DETAIL
Breadth = 13mm 
Length = 880mm 
Width = 60 mm
E = 3500.00
P = 170.62 o
P^= 258.428 
Ave t^ = 0.78mm 
Ave t^ = 0.84mm 
wt = 230gm 
I = 3818 mm^
Note: the.average values
of t^ and t given 
here are noE the 
overall average 
but the average 
over the mid span 
se c t i o n .
TABLE (6.3 Derail dimensions of Column No. 2
COLUMN 3
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POSITION
mm
^A
(mm)
tc
(ram)
DETAIL
0 0.73 0 .76
1 10 0 .76 0 . 78 Breadth = 13mm
165 0 .78 0 .82 Length = 880mm
220 0 .77 0 . 80 Width = 60mm
275 0 .77 0 .79
330 0 .76 0.76 E = 3500.00
385 0.68 0.71 P = 151.953 N o
440 0.70 0 .72 P^= 181 .860N
495 0 .72 0 .72 Weight of Column 215gm550 0.74 0 .72
605 0 .74 0 .70 Ave t^ 0 , 70mm
660 0.76 0 .77 Ave t 0 . 717mmc7 1 5 0 .76 0 . 78 4I = 3400 mm770 0 .75 0 .77
880 0.75 0.77 Note: the average valuesof t^ and t^given
here are not the
overall average but
the average over
the raid span section.
TABLE (6.4) Detail dimensions of column No. 3
COLUMN 4
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POSITION
mm ^A(mm)
tc
(mm) DETAIL
0 0 . 6 0.55 Breadth = 13mm
44 0 . 6 0.56 Length = 880mm
88 0 . 6 0.58 Width = 60mm
132 0.61 0.58 E = 3500.00
176 0 .62 0.59 P = 137.176 N o220 0.58 0.59 P^= 129.752 N
264 0.58 0.58 Ave t . 0.638308 0 . 60 0 . 60 A
352 0 .62 0.61 Ave t 0.62 6 c
396 0 .63 0.62
440 0.63 0 . 65 Weight of column = 198gm
485 0 . 63 0.64 I = 3 07 4 mm^
528 0.64 0 . 65 Note; the average values of
572 0.62 0 . 66 t^ and t given here are not Ehe overall616 0 . 60 0 .64 average but the
660 0 . 60 0.64 average over the mid span s e c t i o n .704 0 . 60 0.63
748 0 . 60 0 .63
792 0 . 60 0.62
836 0.61 0 .61
880 0 . 6 0 .59
TABLE (6.5) Detail dimensions of column No. 4
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Fig.(6.4) Araldite Specimens Preparation for Young's Modulus Test
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6.3 Tes t Rig
To provide simply supported end conditions and 
the axial loading facility, a simple frame 
structure was designed and built (see F i g . (6.5)).
The design was based on a simple swing arm which 
was used to locate and provide the vertical 
movement of the top end of the column. The rotation 
at both ends of column were provided by means 
of the end supports. These are box-like structures 
which have one missing side (see F i g s . (6.6-6.7)) 
to allow the end of the column to be inserted and 
fixed to the end supports. The top end support 
was connected to the swing.arm and the bottom end 
support was connected to the bracket which fixed 
on the base of the equipment. Two sets of ball 
bearing were used in each end support to control 
the rotation, they were assembled such that the 
support offered no resistance to the overall 
flexural rotation of the model at the same time
provides complete rigidity to torsional rotation. |
In order to control loading condition the :
eccentricity of the axial load was provided by j
means of the shoes which were fixed on the ends |
of the column. The shoes were connected to the end |
supports via the slotted bolt holes arrangement. j
This allowed the adjustment of their positions j
relative to the end supports. The eccentricity 
could be varied within the range of - 5mm from the 
centre line of the model. In addition a small end 
moment could be applied to the model by moving 
a small weight along a lever arm fixed to the 
bottom end support. The detail design of the rig 
is shown in F i g s . (6.8-6.11).
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Fig.(6.5) Test Rig and Apparatus
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Fig.(6.7) Bottom end Support and end Moment Loading Mechanism
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6.3.1 Axial Loading Mechanism ]
F i g . (6.12) shows the swing arm which is used to !
locate the top end of the column and is also [
used as the loading arm. This arm is horizontal :
and is connected with the transverse arms to *
form a cross; ball bearings.were used to connect j
the transverse arms to the base support. The |
upper end support of the column is connected to !
this arm at one end by means of ball bearing. The 
weight of the end support was balanced? by the counter j
weight attached on the opposite end of the a r m .
This counter weight will insure no axial load
applied to the column before loading. The horizontal
arm can swing up and down; however, the downward
movement was limited by stopping device as shown in
Fig. (6.6) fitted underneath the horizontal arm, this ■
allowed the arm to swing downward only. 2°thus
preventing complete destruction of the model when
the loading became unstable. I
Axial load could be applied on the model by j
placing the weight either on one of two located ,
pins or on both pins. 1
IThese pins were positioned at the 50cm and 75cm i
along the arm measured from the centre line of the Î
transverse arm. j
The axial load applied to the column could be , |
calculated by simple formula j
P = 0.5 A + 0.75 B (6.3)
when P is the axial load
A is the total weight at 50cm pin
B is the total weight at 75cm pin
161
0
•HI
; À t -
CMrH
CD5
162 .
6.3.2 Lateral Loading Mechanism
In order to provide the transient loading conditions 
a lateral loading mechanism; was designed and 
constructed. There were a number of specific 
requirements for this mechanism.
Firstly it had to provide a sudden loading 
condition, in which the rising time of loading was 
relatively short in comparison with the vibration 
period of the column under test.
Secondly it had to provide the means of 
removing the load as cleanly as possible in order 
to simulate the rectangular pulse
Thirdly it had also to provide the means of 
varying and controlling the duration of the pulse.
And lastly it had to be possible to monitor 
the actual load applied to the column.
It has been estimated that the maximum 
magnitude of the transient load required to 
destabilize the column will be in the range O-lOOgm, 
and only in the extreme case would it be as large as 
2ÔÔgm. In order to measure the transient load in 
this range of magnitude a load washer was devised. 
However, the load washer had to be operated at its 
limit of sensitivity, and any small disturbance on the 
region of the load washer could result in an 
acceleration force which could have a magnitude many 
times greater than the magnitude of transient load 
which the washer was intended to measure. To avoid 
this problem the load washer had to be rigidly fixed 
on the frame. Because of this requirement, the design 
of loading mechanism was centred around the imple­
mentation of the load washer and monitoring the
163 .
transient load.
Many alternative mechanisms were considered 
and rejected before the final decision was made 
in favour of a combination of a wire loading line 
and pulleys. This loading mechanism is shown 
in Fig. (6.13). The components of the loading 
mechanism and their function is described below;
a) Loading line (1) which was used to carry the 
load to the column. This consisted of a 
f-ine wire which had one end connected to the 
load washer (2) via a p r e - co mp re s sed bolt 
which allowed the tension in the loading 
line to be measured by the load washer. The 
wire was passed over the collar pulley (4) 
passing the latch (3) and back to the located 
pulley (6) before being connected to the 
load pan(5). -The loading line was held by the 
latch by means of a loop in the wire.
b) Load washer (2) Fig. (6.14) was connected to the 
frame by an adjustable screw which provides
the facility to adjust the tension of the 
load ing wire.
c ) The latch(3) Fig. (6.14) was used to hold the 
loading line which would be achieved by 
inserting the pin into the loop on the loading 
line. It thus prevented the load being 
transmitted to the column before the correct 
release sequence.
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m
Fig.(6.13(a)) Loading Mechanism and Test Specimen
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column
fuse w ire
Fig. 6 -13b Schematic detail of load ing mechanism
166
DAOS switch
Latch
Timer switch
Load washer
Fig.(6.14) Latch Mechanism and the Load Washer
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ÇJ T X
pre loading • latch closed
loaded the loading line
r x
loading : DAOS started sampling
300 msec before the latch released, 
the latch released 
t im e r started 
trans ien t load applied
r
unloading :
CZ3- X X
t im er has t im ed out 
transformer switched on part 
of the loading line is 
e lectr ica lly  melted 
the weight removed from  
the loading Iine 
DAOS stopped sampling after 
2'seconds.
Fig. 6 15 Dynamic load ing  procedure
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d) The load collar ( 7 ) was designed to distribute
the load transmitted by the loading line
uniformly along the edge of the column. It was 
connected to the loading line by a low friction 
p u l l e y .
e) Weight pan (5) was connected to the loading
wire by a length of fuse wire which would be 
electrically melted in order to isolate the 
load from the column.
f) A pulley (6 ) was used to locate the position
of the loading wire; and to change the direction
of the loading line.
Apart from the main components described above, 
there were two micro switches on the latch; one 
was used to start the timer which controlled the 
duration of loading and another was used to start 
the Data acquisition e q u i p m e n t ,F i g .(6.26).
The operation sequence of the loading mechanism 
can be divided into three stages; that is, pre 
lo ad in g,loading and unloading stages. This operation 
sequence is shown in Fig. (6.15).
6 .4 Timer
The efficiency of the lateral loading mechanism 
required a precise timing in order to simulate a step 
pulse. An extremely accurate timer was made, its 
design being based on the Dual C-MOS Timer and operating 
in a sequential timing mode. The timer employed is 
the RS low power C-MOS 556 timer, marketed by R.S. 
Components Ltd.
However, since the direct output from the
169.
C-MOS 556 was not sufficient to operate a relay 
switch, it was used to operate a general purpose 
BFY 52 transistor which in turn operated the 
relay switch.
A circuit diagram for the timer is shown in 
F i g . (6.16). The first half of the timer is started 
by connecting pin 6 to ground, in practice this 
occured when the latch on the loading mechanism 
was released. When it reaches the appropriate time 
interval the second half of the sequence begins.
The duration of the first half of the sequence 
corresponded to the duration in which the transient 
load was applied to the column. This duration 
was determined by the formula
I = 1.1 URa i  ^ (6.4)
where T is the duration in second
is the resistance of potentiometer 
in Ohm
^AN ^^ the capacitance of the chosen 
capacitor in F
As soon as the second half of the sequence begins 
to operate the relay switch switched the transformer 
on. The operating duration of the second half was 
determined by 1.1 ^^^^h has been set to 3
seconds for safety reasons since this is the duration 
in which the transformer remained on. The calibration 
results for the timer mechanism is shown in Fig. (6.17)
In practice there was always a time lag between 
the time in which the transformer switched on and 
the time in which,the lateral load was completely
170
Vcc ^cc
I I
10k <  | r a 1
Vcc#
input I |-
4 10
C - M O S  
2 556
7 11
V ,ccÎ Î
14
12
13
8
R a 2
T
in
%  -1 - io n  r |z - io n_ j -
10k
output
Fig. 6 16 Tim er C ircu it
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Fig. 6 17 Timer calibration graph.
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Fig. 6-18 The variation of the actual loading duration.
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removed. Since this depended on many factors, 
for example the time needed to energize the 
transformer was temperature dependent, the melting 
time of the fuse wire was dependent upon the 
variation of the wire thickness and the cleaness 
of the electrical connections. However, the 
precise loading time could be read directly from the 
output of the load washer. The effect of this 
delay in cutting can be seen in Fig. (6.18), in 
general this delay is in the range of 15-30msec.
6.5 Displacement Measurement and Transducer
Static deflection of the column was measured 
by a contact linear displacement transducer.
Ideally the deflection should have been measured 
by mean of a non-contacting displacement 
transducer but a suitable instrument was not 
available. In order to minimize the force necessary 
to keep the transducer contacting with the column 
during measurement, the transducer was fixed on 
the horizontal platform with a tilting angle of 
10° to horizontal. With this arrangement there 
was just sufficient force due to its own weight 
to keep the probe of the transducer in the contact 
with the column. The platform is supported on the 
vertical gantry and is capable to slide up and down 
along the column. There was a sufficient space on 
this platform to allow the transducer to be 
positioned on either side of the column. Since 
the probe had to move up and down along the column 
during measurement, to insure smooth operation and 
good contact the transducer was vibrated by small 
electrical oscillation. This eliminated any 'friction’ 
and ensured repeatability of results.
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Fig, 6 19 Displacement transducer calibration.
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The position of the platform and hence the 
position of points measured were monitored by the 
potentiometer which was mounted on the top of 
the gantry Fig. (6.6). The transducer was calibrated 
using a depth gauge micrometer before it was 
used for measurement and subsequently during the 
tests. This calibration graph is shown in Fig.
(6.19) .
During the determination of the column deflected 
shape, the output of the transducer and potentiometer 
were connected to an x-y plotter and a digital 
voltimeter. The transducer was used only to measure 
static deflections. The dynamic deflection was 
measured indirectly by integrating the acceleration 
t w i c e .
6.5.1 Transient Load Measurement and the Load Washer
As it has been mentioned earlier that the magnitude 
of the transient load was measured by using the 
load washer. However, in the loading mechanisms 
the direct reading from the output of the load 
washer was relevant to the tension in the loading 
line and is not to the actual load applied to 
the column. Therefore the calibration of the load 
washer output and the corresponding load applied to 
the column was necessary. This could be done in three 
steps as described below.
First step, a small weight was hung vertically 
at one end of the loading line as shown in F i g . ( 6 . 2 0 (a)) 
In this position the tension in the wire, which 
resulted in the load washer output, corresponded 
to the weight. This experiment was repeated many 
times for different values of weight. The graph 
between the load washer output and the weight was 
p l o t t e d , F i g . (6.22).
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Second step, determination of the friction 
at the located pulley. In this step the loading 
line was passed over the located pulley as shown 
in F i g . (6.20(b)). With this arrangement the tension 
in the loading wire on the two sides of the pulley 
were different due to the friction at the pulley 
bearings. This relationship could be expressed as
(6.5)
where F^ is the friction force at the pulley
T^ and T^ are the tensions in the 
loading line defined as in Fig .( 6 .2 0 (b)).
By using the calibration graph obtained from the 
first step, the output of the load washer could be 
converted to the tension force T ^ . Since tension T^
IS equal to the suspended weight, the friction force 
F^ can be easily determined. Again this experiment 
had been repeated for various values of weights.The 
graph between T^ and T^ is shown in Fig(6.23).
Third step, determination of the friction at 
the collar pulley and the load applied to the 
column. The loading line was arranged as shown in 
F i g . (6.211. This arrangement was exactly the same 
as it would be in the actual transient response tests 
on the column. From this arrangement we have
Q = T2+Tg (6.6)
^2" F 2 +T 3  (6.7)
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Fig. 6 21 . D e te rm ina tion  of the fr ic t io n  of the collar pulley
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Where Q is the load applied to the column F 2  
is the friction force at the collar pulley.
By using the calibration graphs obtained from first 
two steps, both Q and F 2  could be found. The graph 
between the load washer output and the load Q 
could then be plotted for the different values of 
weight. This graph F i g . (6.24) was used to determine 
the transient load. The relationship between T a n d  
Q can also be obtained as shown in Fig.(,6.25).
6.5.2 Acceleration Measurement and the Accelerometer
In order to monitor the transient response of the 
column and determine the test rig parameters, such 
as equivalent viscous damping and the moment of 
inertia of its moving parts, the acceleration must be 
measured. To minimize the effect of the accelerometer 
upon the testing environment a miniature accelerometer 
was chosen. This accelerometer was the EGA-125-5 
marketed by Entran Devices Inc. It was a piezoresistive 
type accelerometer and weighted only 0.5gm.
In the testing environment, the accelerometer 
could be positioned anywhere on the model or the 
moving parts of the test rig by means of double sided 
adhesive tape. The output signal of the accelerometer 
was amplified and the signal was recorded by Data 
acquisition equipment. This signal was later processed 
on a main frame prime computer.
From integration of this signal both velocity 
and displacement could both be obtained.
The detail of signal processing is described 
in a later section.
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6.6 Data Acquisition Equipment
The data Acquisition Operating System, or DAOS,
Fig. (6.26) was used to record and transfer the data 
to the university PRIME computer system. DAOS was 
designed by Mr. M.F. J e f f e r y ( r e f .68) to provide a 
flexible means of acquiring information in an 
experimental environment. DAOS was configured 
with a maximum of sixteen analogue input channels 
and a maximum of eight 8-bit digital input channels. 
The analogue signal ‘.input was converted into a 
corresponding digital signal via the 12-bit A D C ’s.
On p o w e r - u p ,DAOS had to be initialised by 
the operator to configure the required operation 
mode. The package requested the following information
a) number of analogue input channels
b) number of digital input channels
c) array populations
d) sampling interval which had to be entered as an 
integer value of time, in milliseconds
This implied a maximum sampling rate of 1000 
samples/ se cond.
Once the acceptable response has been made to these 
requests, a sampling session could commence.After 
the sampling mode was entered, DAOS initiated data 
acquisitions only after receiving an externally 
generated rising-edge trigger. In practice this 
rising-edge trigger was provided by means of a 
micro switch on the latch Fig. (6.14) of the lateral 
loading mechanism. This switch was arranged in such 
a way that it would switch on approximately 300 
milliseconds before the latch was released. Thus,
184
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data acquisition started 300 milliseconds before
the lateral load was applied to the column and ensuring
the capture of the transient response.
At the completion of data acquisition, the total 
time for which is a function of the sampling interval, 
array populations and the number of input channels;
DAOS allowed access to all of its data file dumping 
routine s .
6,7 Digital Signal Processing
Unfortunately the charge coupled piezoelectric load 
washer and accelerometer signals were very prone to 
pick up extraneous noise, especially in the case 
of highly amplified transient signals -as was 
necessitated in the present test. In order to 
overcome the noises problem a low pass digital 
filter had been designed and used to filter out the 
high frequency noises. The post recorded digital 
filtering was chosen in preference over the p r e ­
recorded filtering with the view that it was easier to 
implement, the raw data could be reprocessed time 
and time again if necessary and it did not require real 
time processing. Any non-linear phase inherent 
in the filter could distort the signal. Hence to 
avoid this, the nonrecursive filter was chosen 
because it had an absolutely linear phase characteristic 
and was unconditionally stable. The basic concept 
of filter design is described below, including 
parameters that had been chosen for this particular 
application. Further details of the design concept 
can be found in (Ref.69).
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Since the maximum sampling rate of DAOS is 
1kHz the filter had been designed within this limit. 
Before discussing the design of the filter, let us 
consider the nature of signal sampling. Suppose we 
gather data from the time-domain signal by taking 
N samples of it, at equally spaced times. We shall call 
the signal the time domain function f(nJ), each 
sample onourriug J seconds later than the previous 
sample, in a total "data block" length of NJ seconds. 
This period is sometimes known as the "time window"
By applying the Fourier transform method to the time 
domain function we obtain a frequency domain in the 
form
n . )  c r ’' (6.B)
where k is all the integers between 0 and (N-1)
This transformation is called the "Discrete Fourier 
Transform" or DFT and its components are F(k), the 
the frequency spectrum composed of k discrete 
elements having magnitudes calculable from eq.(6.8 .) 
and f(nJ), the signal, a time domain function which 
has been sampling at the rate of 1/J sample/second.
In practice the calculation of DFT is done by 
using an algorithm called the Fast Fourier Transform 
or FFT, and it takes advantage of the fact that 
many of the terms created by substituting integral 
values of n and k into eq.(6.8) are identical. The FFT, 
then, takes advantage of this fact by combining 
groups of identical terms in an orderly fashion, 
thereby reducing the number of calculations drastically
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When a signal is sampled, the mecha nism of 
sampling may be seen as a multiplication of the time 
domain signal by another time domain function, 
that of the sampling function. The same mechanism 
can also be used in the filtering process; that is 
the filtering process can be done by multiplying 
the time domain signal by another time domain 
function in which is the filter function. The 
characteristic of the filter is dependent upon the 
design of the filter function.
In general filters can be classified into 
three categories based on their general characteristics; 
that is, low-pass filter, allowing only low frequency 
components of the frequency spectrum to pass;high- 
pass filter, which filters the low frequency 
components out.
Band-pass filter which allows only the frequency 
components which lie in a certain band to pass.
In designing the particular filter for the 
present experiments, first we had to select the 
filter characteristic to match the requirement; that is, 
the graph of filter gain v s  frequency was plotted.
An example of the required filter characteristic is 
shown in F i g . ,(6.27). The maximum frequency in the 
graph is limited to half of the sampling rate which 
was 1/2J. This maximum frequency is usually referred 
to as Nyquist frequency or Shannon limit. The Nyquist 
frequency is the maximum which when passed through 
the filter will not cause the alias. To avoid a 
false signal ortthealias the sampling frequency must 
be at least twice the highest frequency of interest.
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After the filter characteristic had been 
decided the next stage of filter design was 
concerned with the selectivity of the filter. In 
general selectivity of a filter is dependent 
upon two factors, the length of the filter or 
number of the elements in the filter and the 
shape of the filter or the weighting function. Longer 
filters will have higher selectivity but this 
will involve more calculations since the number 
of calculation for the FFT routine can be written as
C = L loggL (6.9)
where C is the number of calculation
L is the length of number of elements in the
f i l t e r .
For example, with L = 512 the FFT requires 4608 
calculations. However, the effect of the shape of 
the filter on its performance is very complicated 
since it is dependent upon the characteristics of 
the input signal. The most commonly used weighting 
function called the Hanning function, is a cosine 
squared function and is the unanimous choice in the 
case when the input signal is periodic. If weighting 
is not used, the filter is said to be uniform or 
rectangular weighting. This mode is demonstrably 
superior to any commonly available weighting function 
for filtering transient or impulse signals. Details 
of various weighting function can be found in 
R e f (70-73).
It is important to realise that an over designed 
digital filter will introduce a considerable amount 
of fruitless computer processing time. There is no 
value in producing a filter with a stop band
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atten iiatt i on which is in excess of the effective 
signal to noise ratio for the data. This noise is 
introduced by the finite number of quantization 
levels in the system ADCs. Thus a 12-bit ADC as 
employed in DAOS producing 4096 discrete signal 
levels had an effective signal to noise ratio of 72dB.
It was found that a 512 elements filter produced
very satisfactory low pass filter for 12-bit recording 
system.
The process of synthesising a digital filter 
is illustrated in F i g . (6.27). The filter characteristic 
is defined in the frequency domain at a given number
of equally spaced points. This spacing is equal to
I'T/LJ Hz. The array containing these points is then 
inverse transformed to produce a time domain function. 
This time domain function is theoretically infinite 
and is consequently weighted by a weighting function 
to produce a weighting sequence. The weighting 
sequence is then applied to the data values as an 
effective running mean and the filtered output results. 
An example of the filtering process on the output 
of the load washer are shown in F i g . (6.28-6.31), 
for various cut-off frequencies. Corresponding 
examples of t*he filtering of the accelerations with 
cut-off frequency of 50Hz are shown in F i g . (6.32-6.33).
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7. EXPERIMENT PROCEDURE AND RESULTS
7.1 The Aim and Basis of Experimental Work
As has been mentioned in Chapter 6, the experiments 
were designed to verify the theory developed. However, 
the purpose of the experimental work is not limited 
to the verification of the theory; the general 
behaviour of the column under transient loading 
is also investigated.
Broadly speaking the experimental work can be 
described in two stages:
a) The determination of system constants; in this 
stage all necessary control parameters are 
evaluated. These parameters are the overall 
flexural rigidity of column, the initial 
eccentricity of loading, the overall imperfection 
parameter, the inertia of the moving parts of
the test rig and the equivalent viscous damping 
coeff i c i e n t .
b) The transient response test; in this phase the 
general response of the column to the applied 
loading system was studied. However, emphasis 
was placed on the stability aspect of the 
response.
The experimental work also provides the means 
to identify and study the relationship and interaction 
of the dominant parameters in the dynamic buckling 
phe n o m e n a .
7.2 Experimental Set Up
The test specimen was fixed between two end supports and 
set vertically as shown in Fig (6.12). It was also
198
set in such a way that the axial load would be 
applied at the physical centre of the cross section 
of the column at the supports. Since the wall 
thickness of the column was not absolutely uniform 
the physical centre of the cross section in 
general did not coincide with the neutral axis. 
Therefore there was always some small eccentricity 
of loading in the initial setting.
The static deformation of the column in 
general was measured by the displacement transducer 
along the centre line of one of the wider walls 
of the column. The deformation could be read 
directly from the digital voltmeter and was 
recorded by the x-y plotter.
The dynamic response of the column was 
measured in the terms of the a ccel er ation.Usually 
the acceleration was measured at one of the corners 
of the column at 6cm from the mid length. The 
acceleration-time history was recorded on the dual 
beam storage oscilliscope for monitoring and by 
DAOS for later signal processing. By numerical 
integration both velocity-time history and 
deflection-time history could be obtained after 
signal processing.
The transient load was measured by the 
load washer which had been incorporated in the 
loading mechanism. The load-time history was 
also recorded by the storage oscilloscope and DAOS,as 
in the case ,of the acceleration-time history.
The arrangement of the equipment used in the 
tests is shown schematically in F i g . (7.1).
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Fig. 7 -1 Schematic Diagram of Equipment Connections.
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7.3 Overall Flexural Rigidity Test
Since there was a small variation of the wall 
thickness of all models fabricated and the 
possibility of variation in the material, properties 
due to the manufacture process, in addition to the 
presence of both local and overall imperfections, 
it was difficult to determine analytically the 
effective moment of inertia of the cross section.
To overcome this difficulty, the overall flexural 
rigidity (El) of each model was determined 
experimentally by a simple bending test.
The lateral load was applied statically 
via the lateral loading mechanism, to the mid span 
of the column as shown in F i g . (7.2) and the deflection 
at the mid length was measured relatively to the 
fixed position of the displacement transducer. The 
load was then incremently increased until the 
sufficient deflections was obtained. The result 
of the test were plotted as shown in F i g . (7.3) 
in terms of the load parameter Q & /48 against 
the change of deflection. The slope of the best  
fit straight line to the experimental data 
corresponded to the flexural rigidity EX.
The value of El obtained in this test was used 
to calculate the theoretical Euler load of each 
column. By dividing the flexural rigidity by E we 
obtained the effective moment of inertia of the 
cross section (I). The value of I obtained was 
then used to determine the effective wall thickness.
It was found that the effective wall thickness 
determined by this method corresponded to the 
average wall thickness in the region of the mid 
s p a n .
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Table (7*1) shows the value of the 
flexural rigidity and the effective moment of 
inertia for the different columns tested.
COLUMN
NO.
Flexural Rigidity 
El (N-mm^)
I
(mm^)
0 24710000 7060
1 13000000 3714 •
2 13390000 3826
3 11920000 3406
4 10760000 3074
TABLE (7.1) Flexural Rigidity of Columns and 
Effective moment of inertia.
7. 4 Critical Load and Large Deflection Test
The aim of this section of the test programme 
was to determine the critical load, i.e. the Euler 
buckling load; the initial overall imperfection 
and the eccentricity of loading. The value of the 
c^î^itical load was also used in cross checking 
the overall flexural rigidity obtained in bending 
test described in previous sections.
By definition, both the magnitude of the 
overall imperfection and the eccentricity of 
loading were measured from the neutral axis of the 
column. However, the neutral axis was only the 
imaginary axis defined mathematically which lay 
inside the column.Any measurement from this axis 
could only be done by an indirect method.
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The simple experimental approach can be 
described as follows. First the column was loaded 
axially by placing the dead weight on the pins 
on the loading arm. The deflection was recorded on 
the x-y plotter see Fig. (7.4-7.8). Then the load 
was increased slowly u n t il the limit load was 
reached. The loads and the deflections at the 
mid length were plotted. After the static 
equilibrium path had been obtained the initial 
state of the column was slightly' altered by 
introducing a small end moment. This could be 
achieved by adjusting the position of the weight 
of the lever at the bottom end support see Fig. (7.2(b).With this 
additional end moment, the initial deflection at 
the mid length could be set to be positive or 
negat i v e .
The whole procedure was repeated for the 
various values of end moment and hence different 
initial deflections.
A series of equilibrium paths were plotted 
corresponding to the different initial deflection 
as shown in F i g . (7.9-7.13). From this graph the 
limit loads for each initial deflections were 
obtained which could then be plotted as shown in 
Fig. (7.14-7.17). The Euler load could then be 
estimated by extrapolating the curve of the limit load.
The series of equilibrium paths were also 
used to determine the overall imperfections and 
the eccentricity of loading. This could be done 
by using equilibrium equation.
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P =
B-Bo P _ - 1E 2 48 8 (7.1)
where = overall imperfection
e = eccentricity of loading
P„ = Euler load
The value of B and e were then calculated o
for the best fit of the series of equilibrium 
paths obtained from the experiment.
However, in the case of the relatively thick 
wall column, which does not exhibit limit points, 
the Euler load was obtained by a free vibration 
test. The frequencies of free vibrations of the 
column were measured for various values of applied 
axial load. The graph between the load and the 
square of the frequency were plotted as shown in 
F i g . (7.18), the Euler load was then estimated 
by extrapolating the graph. The point where the 
graph intersected the load axis specified the 
Euler l o a d .
7.5 Determination of System Constants and the
Equivalent Viscous Damping Coefficient
Before we can proceed to study the transient 
response of the column, the inertia of the moving 
part of the test rig required to be determined. However, 
the primary experiment was performed to investigate 
the effect of inertia on the response of the column.
The effect of the loading arm inertia was 
investigated by measuring the natural frequency of the 
free vibration under the zero loading condition of the
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column and observing the general behaviour of the 
column for various inertia values of the arm. As 
manufactured 5, the mass of the arm was 40kg including 
the counter balance weight. This mass could be 
increased by adding extra weights on the counter 
balance and the loading pins. The total mass of 
the arm was increased in 10kg incrementally until 
the total mass of the arm was 80kg. It was found that 
the increase of the arm weight by up to 80kg did not 
alter the frequency response of the column. The 
frequency spectrum analysis s howed( Fi g.(7.19-7.20)) 
that with mass increased the frequency of the arm 
decreased. However, the energy spectrum of the arm 
frequency was very low in comparison with the energy 
spectrum of the column frequency. Therefore, it was 
considered to be reasonable to neglect the effect 
of the loading arm inertia.
In contrast to the loading arm inertia, the 
inertia of both end supports had a significant 
influence on the frequency response of the column.
Small increase in mass, and hence inertia 
reduced the frequency response of the column 
significantly see F i g . (7.21). Since there was no 
translation of the centre of mass in the case of bottom 
end support and very small translation, less than 
1.0mm, of the centre, of mass of the top end support 
during the column vibration. However, this trans­
lation could be considered as an effect equivalent 
to the rotation of the loading arm, therefore the 
main effect was due to the polar moment of inertia of the 
su pport s.
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The inertia constant J which has been defined
as
(7.2)
where = polar moment of inertia of the end
s u ppor t.
can b e determined from the equation
2 -El PA
1 3 1 2 2- EItt . c (7.:%
l^+lpX]
where Ü = angular velocity
{^+2 0^
c=  equivalent viscous damping coefficient 
(determined by experimental)
Since the equivalent viscous damping coefficient 
is load dependent (see following paragraph), the 
constant J was determined under various values of 
axial loading and the result was found to be 
constant at 0.47 kg.
The determination of the viscous damping coefficient 
was determined by measuring the decay of the vibration 
amplitude. The acceleration of the free vibration 
was recorded for a sufficiently long period. From 
this record the best fit envelop see F i g . (7.22) 
defined as
- c t
X = Ae (7.4)
where A = initial amplitude
c = equivalent viscous damping coefficient 
t = time
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Fig .7-23 Relationship between exponential coe ff ien t ( ^ /2 m )a n d  axial load.
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was determined by a numerical curve fitting 
method. The coefficient c calculated was then 
specified as the damping coefficient.
However, this coefficient was not constant 
but varied with the magnitude of the axial load. 
This is due to the fact that the coefficient
included the effect of friction damping and the 
magnitude of stress which is load dependent.
The graph Fig. (7.23) shows this variation.
7.6 Transient Response Test
The aim of this test was to investigate the 
response of the column to the transient load, 
especially the column's stability nature in the 
vicinity of the critical load.
From the data obtained from the large deflection 
test, it was possible to determine the magnitude of the 
the end moment applied which yielded the static 
equilibrium path having a maximum point, or limit 
load very close to the Euler load. However, it 
was found that any equilibrium state near the limit 
load on this path was very sensitive to any small 
disturbance in the sense that a very small variation 
in loading, less than 1 gm, would result in the 
column buckling. This magnitude of disturbance force 
was too small to be accurately measured in the present 
experimental equipment.
Therefore, the equilibrium paths which had the 
limit load in the range of 88-95% of the Euler load 
were chosen for the experimental investigation since 
it is unlikely that in reality any structure is 
perfect, these equilibrium paths chosen should be 
more realistic from a practical view point.
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The experimental procedure can be described 
as follows
The column was statically loaded up to about 
96-98% of its limit load. Then the transient 
load was applied via the lateral loading mechanism 
Both the acceleration-time history and the lateral load­
time history were recorded. If the column was not 
buckled during the first r u n , the magnitude of the 
transient load was increased until the column 
b u c k l e d .
The axial load was then incremently decreased, 
and the transient load reapplied until buckling 
occurred. The procedure was repeated until the axial 
load was about 70% of the limit load.
The experimental procedure was performed for 
the transient load duration (pulse duration) in the 
range of 100 millisec to infinite. In practice, the 
pulse duration is said to be infinite if it is 
sufficiently long to allow all of the vibration 
response to be damped out and the column stopped 
oscillating.
A typical acceleration-time history and lateral 
load-time history can be seen in F i g s . (7.24-7.26) 
and (7,27) respectively. Testing was performed only 
on columns N o . 2,3 and 4; column N o .1 was accidently 
broken during the setting up prior to the transient 
response test.
In the case of column No. 0 only a primary test 
was performed, since this column exhibited no loss of 
stability within the permissible deflection, there was 
no detail dynamic test on this column.
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8. EXPERIMENTAL INTERPRETATION AND DISCUSSION
8.1 Effective Wall Thickness
From the result of the tests to evaluate Y o u n g ’s 
Modulus,see F i g . (6.3) and Table (6.6) and the overall 
flexural rigidity test (Fig. (7.3) and Table (7.1) 
one can determine the effective wall thickness of the 
column. There is no direct measurement of the magnitude 
of the local imperfections; however, the effect of the 
local imperfection is reflected in the overall 
flexural rigidity test. The presence of any local
imperfection will reduce the flexural rigidity
of the column. By comparing the value of the moment
of inertia of the cross section based on the average
thickness of the mid span section of each column.
Tables (6.1-6.5), with the value obtained from the 
flexural rigidity test, Table (7.1), one can see 
that these values are very close. This implies that 
the values of the effective wall thickness must be 
very close to the values of the average physical wall 
thickness of the mid span section.
8.2 Equilibrium Path
The results of the static equilibrium path obtained 
by the experiment of each column were plotted and 
are shown in F i g . (7.9-7.13).
For the relatively thick wall column, column 
No. 0 see Fig. (7.9), the equilibrium paths show no 
limit point within the range of permissible deflection 
during the experiment.
If the deflection is not limited but allowed 
to increase by imposing higher axial loads it is 
possible that plastic deformation would occur with 
an accompanying loss of stability.
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The agreement between the theory and the 
experiment is very good and in fact it is the 
best agreement achieved in the test programme.
This good accuracy is probably because the 
effect of local imperfection is small in the 
case of the thick wall column.
For the more thin walled columns with P & = 1.20P -»o
1 .5 2 P.,columns No. 1,2 and 3 see F i g s . (7.10-7.12), 
the equilibrium paths each exhibits a limit point.
At this point t|ie loss of stability occurred. The 
effect of the various differences in the wall thickness 
results in the asymmetric paths in which the limit 
point corresponding to the thicker side of the wall 
reaches the critical stress at larger values of 
deflection than in the situation when the thinnest 
wall reaches the critical stress.
Agreement between the theoretical and the 
experimental is good so far as the pre-buckling 
paths are concerned, except in the case of column 
N o . 3 (see Fig, (7.12) ) .In that case the pre buckling 
paths obtained experimentally diverge from the 
theoretical path at the high axial load. The 
experimental values are substantially lower than the 
theoretical values near the critical point. However, 
this divergence was a result of splitting along the 
joint of the plate at one corner at about ^/3 of the 
span. This therefore is not a valid case for comparison 
with the analysis.
As far as the post buckling path is concerned the 
accuracy of the theory could not be checked by the 
present experiment. However, in the view of good 
agreement between the theoretical and experimental 
results for the case of pre-buckling path.
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it is expected that the accuracy of the post 
buckling paths should be of a similar degree.
Fig. (7.13) shows the equilibrium path of the 
column No. 4, which has relatively thin walls ■ 
(P'&=1 .0 6 P),Oae notices that the deflection value 
at the limit point of this column is smaller than the 
the deflection at limit point of the thicker walled 
columns with the same initial deflection, i.e. 
the deflection at zero axial load. The change of 
slope of the equilibrium curve in the vicinity of the 
limit point in this case is relatively larger than 
the case of columns No. 1,2 and 3. This suggests, that 
the thin wall column is more sensitive to small 
disturbance than the thicker wall column. The 
effects of such disturbance forces can be seen in 
one of the equilibrium path in F i g . (7.13), where 
the deflection changes from negative at a low 
value of load to positive at a higher load. The 
change of this deflection was due to the small 
disturbance force induced from the displacement 
probe during measurement.
8.3 Static Critical Load
In general the static critical loads (limit load) 
obtained from experiment are lower than the 
theoretical values. However, for most o.f the 
cases the experimental values are not less than 97% 
of the theoretical values except in the case of 
column N o . 3 in which some of the limit load obtained 
experimentally can be as low as 90% of the theoretical 
v a l u e s .
So far as the Euler load is concerned, 
experimentally this load was determined by 
extrapolating the plot of limit load against
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initial deflection toward the case of zero initial 
deflection. The experimental Euler loads obtained 
by this method agree very well with the corresponding 
theoretical values including the case of column N o . 3 
in which experimental critical load is approximately 
.9 7% of the theoretical load.
The graphs of limit load v 9 initial deflection 
also show the effect of the imperfection sensitivity 
as small, but non-zero, deflections can reduce the 
maximum carrying load significantly. For example 
in the case of column N o . 3 the initial deflection 
of only 0.6mm can reduce the maximum carrying 
load by 2 2%,
In the case of relatively thick wall column 
(column No. 0) the experimental Euler load ' 
obtained by vibration method is approximately 
I1G%of the theoretical value.
8.4 Dynamic Response
The effect of initial deflection and the critical 
magnitude of the step pulse loading is shown in 
F i g s . (8.1-8.4) for particular values of axial load 
(P/Pg) and column dimensions.
In order to obtain the difference value of 
initial deflection, prior to the application of the 
step load for a particular value of axial load a 
small end moment was theoretically applied to the 
column. This theoretical study was to simulate the 
short term creeping which occurred in the experiment.
In the experiment, it was found that after the column had 
buckled and therefore developed large deflections 
under the disturbing force, it would not return 
precisely to its original deflection.
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From Figs.(8.1-8.4) one can see that for 
a larger initial deflection, a sufficient small 
disturbance force can destablize the column. If 
this initial deflection becomes even larger the 
column will buckle statically without the need of 
disturbance force. The deflections at which this 
statical buckling occurs, corresponds to the 
intersection of the line with the deflection axis.
The effect of initial deflection becomes smaller as 
the axial load is increased. From the same Figures 
one can also see that as the axial load is increased 
the magnitude of disturbance force necessary to 
destablize the column drops rapidly.
However, there is a small variation in 
the pattern of the graph for each column. In Fig.
(8.2), which is the graph of column No. 2, it can 
be seen that the graphs in this figure are less 
parallel in comparison with the corresponding graphs 
for the other columns. Since the overall dimension 
of columns No. 1,2 and 3 are very similar one would 
expect to see the graphs having the same pattern.
But on closer inspection it was found that the 
difference in thickness of the two widest plates 
of column No. 2 is larger in comparison with other 
c o l u m n s .
The comparison between the theoretical value 
and the corresponding experimental values are shown 
in F i g s . (8.5-8.9) for columns No. 2,3 and 4 
respectively. From these figures we can see that the 
experimental values are lower than that the theoretical 
values for all the columns.
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This discrepancy may be explained in the term 
of delay buckling occured during experiment.
Under step pulse loading it was noticed 
during the tests that for a very high magnitude 
of the pulse load the column buckled immediately. 
However, at lower magnitudes of the pulse loading 
the column appeared to stop vibrating before 
slowly increasing in deflection and subsequently 
b u c k l i n g .Since in the experimental observations it 
was very difficult to differentiate between this 
immediate occurrence of buckling and the very short 
delay buckling, all buckling if it occurred was 
regarded similarly and was denoted as a point on 
the graph. By the unknown factor the delay buckling 
did not occur very often in the case of Column 2 
during the experiment.
The effect of the pulse duration T on thec
relationship between the critical pulse magnitude 
and the initial deflection were theoretically 
studied and the results are shown in F i g s . (8.10- 
8.14) for each column. It is evident that the 
effect of pulse duration is very small in the 
vicinity of the static buckling points  in the 
graph. At this point the initial deflection is 
large enough to cause buckling without any 
disturbing force. The effect of pulse duration is 
greatest at the zero initial deflection.
In general, it was found that the magnitude 
of the pulse to cause buckling increased as the 
pulse duration is decreased. Since the magnitude 
of the disturbance force is higher the shorter the 
duration of the pulses from a design point of view 
the critical pulse- magnitude in the case of step 
load which can be used as the lower bound for all 
rectangular pulse loading F i g s .(8.15-8.18) shows 
the effect of pulse duration in relation to the
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magnitude of the axial load (F/^g) pulse 
magnitude and initial deflection. As we may have 
expected, the effect of varying the pulse duration 
becomes smaller as the axial load is increased.
If the axial load (P/P^) is increased until the 
static critical value is reached there will be no 
effect of variation of the pulse duration and 
in fact there will be no effect of varying the 
disturbance force at all.
The general form of the Q - initialmax
deflection graph for the case of the rectangular 
form of loading is the same in the case of step 
load. However, the shorter the pulse duration the 
less parallel is the set of the graph.
The comparison between the theoretical 
values with the experimental values are shown 
in F i g s . (8.19-8.22). Again the experimental 
values are lower than the theoretical values for 
all columns, similar to the case of step loading. 
However, the agreement between the experimental and 
the theoretical is better than the case of step 
loading. This may be due to the lack of "delayed 
buckling" in the experimental under rectangular 
lo ading .
There is in fact a remarkably good agreement 
between theoretical and the experimental, apart from 
the case of column N o . 3 F i g . (8.20) which failed by 
splitting of the model.
The relationship between the axial load and 
the magnitude of disturbance load were shown in 
F i g . (8.23-8.26) for Column No. 1,2,3 and 4. These 
graphs are plotted for the case of zero initial 
deflections and three different loading conditions.
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(i.e. step pulse, 170 millsec pulse and 130 
millisec pulse).These graphs show the characteristic 
of a cusp similar to the effect of an imperfection 
sensitively in symmetric buckling. A small disturbance 
force will therefore reduce the load carrying capacity 
of the column substantially.
The influence of the wall thickness can be
seen by comparison in Fig. (8.23- & 26) as the wall
thickness is reduced i.e. P,/P ->-0 the column becomesL o
more sensitive to the disturbance force, this 
is indicated by the sharp falling of the curve 
especially near the cusp point.
However, the reduction of the load carrying 
capacity is not dependent only upon the dimension 
and properties of the column but also the nature 
of the column but also the nature of the disturbance 
forces. For a very short duration pulse the 
reduction of the load carrying capacity is small in 
comparison with the long duration loading. This 
reduction is greatest when the disturbance force is 
the step pulse.
The relationship between magnitude of distur­
bance force and the duration of loading is shown in 
Figs. (8.27-8.30) for columns No. 1,2,3 and 4.
These graphs are very similar to hyperbolic
Gurves.The asymptote indicated by the dotted line
denotes the lowest value of Q (Q ) which couldmax max
cause column buckling. However, the duration of the 
load with magnitude has to be infinite, that is,
the ideal step pulse to cause the column buckled. The 
duration of the critical pulse drops very rapidly as 
the pulse magnitude increases above , for this
particular experiment the critical pulse duration
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drops from infinite to about 300 millisecond
for the pulse magnitude Q = 1.0135 Qmax ^max
It is evident from these figures that 
both pulse magnitude and pulse duration are 
very important factors for the determination of 
the dynamic buckling of the column. For longer pulse 
durations a smaller magnitude is needed to buckle 
the column and as the pulse duration decreased the 
magnitude of pulse increased very rapidly and 
approaches inifnity as the pulse duration becomes 
zero.
The comparisons between the theoretical 
and the experimental results in general are very 
good for a short duration pulse. As the pulse 
duration increased the discrepancy between the 
theoretical and the experimental increases.
This discrepancy is as high as 30% in the 
case of step loading on column No. 3. But this 
value should not be considered as typical, since 
there was a splitting on the column as remarked 
earlier.
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Fig. 8-3 The effect of in i t ia l  de flec tions.
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Column No. 3
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step pulse loading
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buckling occurs
o Experimental po in t wh ich  
no buckling occurs
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Fig. 8 -7  Experimental results o f  the  step pulse load ing .
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Fig. 8-10 The effect of loading durations.
(Theoretical graphs)
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Fig. 8 13 The effect of loading durations.
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Fig. 8-14 The effect of loading duration.
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Fig. 8 23 The' effect of d is tu rb ing loads.
(Theoretical graphs)
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Fig. 8 24 The effect of d is tu rb ing loads.
(Theoretical graphs)
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Fig. 8 25 The effect of disturbing loads.
(Theoretical graphs)
268
P/pE
Column No. 4
In i t ial  d e f le c t io n  = 0 m m
1 T c  = 00
2 T c  = 170  mil l isec
3 Tc  = 1 3 0  mil l isec
10 r
0 9
0 8
0 7
30 40 50 800 20 706010
Q m a x . C g r a m )
Fig. 8 26 -The effect of d is turb ing loads
(Theoretical graphs)
269
100
Column No, 1 
in i t ia l  de flec tion  = 0 m m  
P/PE = 0 84  
No experimenta l point
90
165-
80
70
60
Q max
Qm ax
Cgram) 50
40
30
20 200 300
Time (m ill isec)
400
Fig. 8 27 Critical loading history.
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9. CONCLUSION
The effect of disturbance forces on the stability of 
structures in the vicinity of their critical state has 
b e en studied.
It has been demonstrated by means of simple 
analytical and physical models that subjected to a ipajor 
load near its critical state, a small additional minor 
load in the form of disturbance force will cause the 
model to buckle if the minor load has sufficient 
m a g n i t u d e .
The use of a simple model simplified the analysis; 
however, general conclusion obtained for this study could 
be applied more generally to structures. The analysis 
shows that the loss of stability can occur if the 
disturbance force with the sufficient magnitude is applied 
to the structure which is imperfection sensitive.
The analysis does not include a study of plastic 
buckling, but the results of this analysis should also 
be valid in the case of plastic buckling, since in the 
plastic buckling the loss of stability will also occur 
at a bifurcation point where the plastic deformations 
are develop e d .
The significance of minor disturbance forces 
shown in the analysis of the simple model was re-studied 
for a more practical structure in the form of a thin 
walled column,
A dynamic theory based on the concept of effective width 
and the analytical model was developed to describe 
the dynamic response under transient load of the thin 
walled column. The solution, to the analytical model 
was obtained by performing a numerical integration of the 
equation of motion of the Lagrange type. The stability
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criteria on the transient response was based on the 
divergence of deflections. The structure was defined as 
stable if the response was bounded and was unstable if 
the response was unbounded.
In general, the dynamic analysis produced good 
agreement between theory and the corresponding experimental 
results. It was found, however, that the nature of the 
static post buckling path influenced the dynamic response. 
The degree of the reduction of the load carrying capacity 
of the column was dependent upon the steepness of the 
post buckling path. The steeply falling characteristic 
of the post buckling path reduced the load carrying 
capacity considerably under a transient minor load.
In the stability analysis, the buckling mode 
shape responses were assumed i.e. the dynamic response 
to the disturbance load were assumed to be the same 
as the lowest static buckling mode shape. This analysis 
was shown to be reliable and adequate for design purposes. 
The reason for this is because the response of the 
column under high axial loading mainly comprises the 
principle deformation mode and some low frequency 
c o m p on en ts.
It has been shown that the effect of the loading 
history has a direct influence on the critical magnitude 
of the disturbance load. For the step loading the 
magnitude of critical disturbance load is equal to 
^max M^ich is the minimum value .However, if the duration 
of the loading becomes shorter the critical magnitude 
is increased and will approach infinity for zero duration 
load .
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As far as local imperfections are concerned their 
effect was not directly measured in the experiment, but 
from the general results of experiment it would appear 
that the effect of local imperfection is very small. The 
reason for this seems to be that at large deflection the 
post buckling path for non zero local imperfection 
converges to the path of zero local imperfection.
In constrast with the effect of local imperfection
the effect of the overall imperfection is considerable
However, for very large overall imperfections the column
could become insensitive to the disturbing force. This
occured when the overall imperfection was sufficiently
large enough to allow the local buckling to take place
before the axial load reaches P .r
In the view of the generality of the effect of 
minor disturbance force it is necessary to investigate 
the transient response of structure in the elastic-plastic 
range. A study of stability of structure under disturbance 
force in future should include elastic-plastic analysis. 
However, the effect of the loading history is very 
important and the rectangular pulse loading as has been 
studied in this thesis may not be very realistic in real 
e nviro nm ent.
The effect of a more realistic loading history is 
also needed to be studied in the future.
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